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if} ', Abstract. We study the near diagonal asymptotic expansion of the generalized 

Bergman kernel of the renormalized Bochner-Laplacian on high tensor powers of a 
positive line bundle over a compact symplectic manifold. We show how to compute 
the coefficients of the expansion by recurrence and give a closed formula for the 
q ' first two of them. As consequence, we calculate the density of states function of 

the Bochner-Laplacian and establish a symplectic version of the convergence of the 
induced Fubini-Study metric. We also discuss generalizations of the asymptotic 
expansion for non-compact or singular manifolds as well as their applications. Our 
approach is inspired by the analytic localization techniques of Bismut-Lebeau. 



in 
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^ • 0. Introduction 

The Bergman kernel for complex projective manifolds is the smooth kernel of the 
orthogonal projection from the space of smooth sections of a positive line bundle 
L on the space of holomorphic sections of L, or, equivalently, on the kernel of the 
Kodaira-Laplacian U L = d L ~d L * + d L *d L on L. It is studied in «43l l38j l47l fl6l l6j l30l 
I46ll29ll . in various generalities, establishing the diagonal asymptotic expansion for 
high powers of L. Moreover, the coefficients in the diagonal asymptotic expansion 
encode geometric information about the underlying complex projective manifolds. 
This diagonal asymptotic expansion plays a crucial role in the recent work of Don- 
aldson [25] where the existence of Kahler metrics with constant scalar curvature 
is shown to be closely related to Chow-Mumford stability. 

In 111 811 , Dai, Liu and Ma studied the asymptotic expansion of the Bergman ker- 
nel of the spin c Dirac operator associated to a positive line bundle on a compact 
symplectic manifold, and related it to that of the corresponding heat kernel. As 
a by product, they gave a new proof of the above results. This approach is in- 
spired by Local Index Theory, especially by the analytic localization techniques of 
Bismut-Lebeau (H §11]. 

Another natural generalization of the operator D L in symplectic geometry was 
initiated by Guillemin and Uribe 112 71 . In this very interesting short paper, they 
introduce a renormalized Bochner-Laplacian (cf. (10.41 )) which is exactly 2D L in 
the Kahler case. The asymptotic of the spectrum of the renormalized Bochner- 
Laplacian on L p when p — > oo is studied in various generalities in © [15J l27ll by 
applying the analysis of Toeplitz structures of Boutet de Monvel-Guillemin Ifl3ll - 
and in 113 111 as a direct application of Lichnerowicz formula. 

Of course, there exists also a replacement of the <9-operator and of the notion 
of holomorphic section based on a construction of Boutet de Monvel-Guillemin 
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1 13 ] of a first order pseudodifferential operator D b which mimic the d b operator on 
the circle bundle associated to L. However, D b is neither canonically defined nor 
unique. This point of view was adopted in a series of papers lfT0ll39l l7ll. 

In this paper, we will study the asymptotic expansion of the generalized Bergman 
kernel of the renormalized Bochner-Laplacian, namely the smooth kernel of the 
projection on its bound states as p — > oo. The advantage of this approach is that 
the renormalized Bochner-Laplacian has geometric meaning and is canonically de- 
fined. Moreover, it does not require the passage to the associated circle bundle as 
we can work directly on the base manifold. Let's explain our results in detail. 

Let (X, u) be a compact symplectic manifold of real dimension 2n. Assume that 
there exists a Hermitian line bundle L over X endowed with a Hermitian connec- 
tion V L with the property that ^-R L = where R L = (V L ) 2 is the curvature of 
(L, V L ). Let (E, h E ) be a Hermitian vector bundle on X with Hermitian connection 
V E and curvature R E . Let g TX be a Riemannian metric on X and J : TX — > TX 
be the skew-adjoint linear map which satisfies the relation 

(0.1) u(u,v) = g TX (Ju,v) for u,veTX. 

Let J be an almost complex structure such that g TX (J-, J-) = g TX (-, ■), u(J-,J-) = 
uj(-,-) and that u>(-,J-) defines a metric on TX. Then J commutes with J, and 
-J J e End(TX) is positive, thus J = J(-J 2 )~ 1/2 . 

We introduce the Levi-Civita connection V TX on (TX, g TX ) with its curvature 
R TX and scalar curvature r x . Let V x J G T*X ® End(TX) be the covariant deriva- 
tive of J induced by V TX . Let A LP ® £ be the induced Bochner-Laplacian acting on 
L p ® E). We fix a smooth Hermitian section $ of End(£) on X. Let {e^ be 
an orthonormal frame of (TX, g TX ). Set 

(0.2) r(x) = -7rTr, TX [JJ] = ^Z^R L ( ej , Je 3 ) > 0, 

(0.3) /i = inf V^lR L (u,Ju)/\u\ 2 gTX >0, 

(0.4) A Pi$ = A LP ® E - pr + $. 

By (311 Cor. 1.2] (also cf. (9l|27l[l5l[5]|), there exists ° L > (which can be estimated 
precisely by using the ^°-norms of R TX , R E , R L , V X J and $ cf. EH p.656-658]) 
independent of p such that 

(0.5) Spec A Pi$ c \-C L , C L ] U [2p/i - C L , +oo[ . 

where we denote by Spec (A) the spectrum of any operator A. 

Let H p be the eigenspace of A p $ with the eigenvalues in [— C L , C L }. Then for p 
large enough, again by lf3~Tl Cor. 1.2] (also cf. Il9l l27ll when E is trivial and J = J) 

(0.6) &mH p = d p = [ ch(L p ® E) Td(TX) 

Jx 

-ME) [ / (0,^) + ^^))^- + %-), 

Jx n\ Jx^ 2 / (n- 1)! 
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where ch(-), c 1 (-), Td(-) are the Chern character, the first Chern class and the Todd 
class of the corresponding complex vector bundles (TX is a complex vector bundle 
with complex structure J). 

Let {Sf}^ be any orthonormal basis of H v with respect to the inner product 
(flTTb such that A p ^Sf = X i)P Sf. For q e N, we define B g;P e tf°°{X, End(E)) as 
follows, 

dp 

(0-7) ^(xj^A^W^mr, 

t=l 

here we denote by A° p = 1. Clearly, B qtP (x) does not depend on the choice of {Sf}. 
Let det J be the determinant function of J x . e End(T x X). A corollary of Theorem 
II. 191 is one of our main results: 

Theorem 0.1. There exist smooth coefficients b q . r (x) e End(£ , ) a; which are polyno- 
mials in R TX , R E (and R L , <£>), their derivatives of order < 2(r + q) — 1 (resp. 2(r+q)\ 
and reciprocals of linear combinations of eigenvalues of J at x, with 

(0.8) 6 ,o = (detJ) 1 / 2 Id E , 

such that for any k,l £ N, £/iere exists C k j > sac/* that for any x <E X, p e N, 



(0.9) 



1 fe 
— S g>p (x) -^6,, r (x)p" 



^ r=0 



< Ck,ip 

ft 1 



-fc-1 



Moreover, the expansion is uniform in the following sense: for any fixed k, I e N, 
assume that the derivatives of g TX , h L , V L , h E , V E , J and $ order ^2n + 2k + 
2q + l + 4run over a set bounded in the ^-norm taken with respect to the parameter 
x £ X and, moreover, g TX runs over a set bounded below. Then the constant Ck, i is 
independent of g TX ; and the ^ l -norm in ( 10.9ft includes also the derivatives on the 
parameters. 

By derivatives with respect to the parameters we mean directional derivatives in 
the spaces of all appropriate g TX , h L , V L , h E , V E , J and $ (on which B q>p and b, 
implicitly depend). 

We calculate further the coefficients 6 ,i and b qfi , q ^ 1 as follows 1 . 

Theorem 0.2. IfJ = J, then for q > 1, 

1 



q.r 



(0.10) 6 ,i = ^ 

Sir 



r * + 7 |V X J| 2 + 2V^lR E { ej , Jej) 



4' 



(0.11) 6 9i0 = Q- A \V X J\ 2 + ^R E (e v Je 3 ) + 

Let us check our formulas with the help of the Atiyah-Singer formula ( 10.61) . Let 

rp(i,o)X = { v £ TX ® K C; Jv = v 7 — Tv} be the almost complex tangent bundle on X 
and let P 10 = |(1 - v 73 !^) be the natural projection from TX <g> R C onto T^X. 



iflere |V X J| 2 = £\. |(V* J)ej| 2 which is two times the corresponding |V X J| 2 from |32|. 
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Then V 10 = p^rx p i,o ig a Hermitian connection on T^X, and the Chern-Weil 
representative of a(TX) is d(T^X, V 1 ' ) = ^ Tr^o^Y 1 ' ) 2 . By ( ITSS! 



(o.i2) (V 1 - ) 2 = p 1 >° \r tx - -Av x j) a iy x J) 



P 



1.0 



4 

Thus if J = J, then by dO~T2b . d2~13l . d2~15l d2T2Tb and d2~22b . 

(0.13) (dCT^V 1 ' )^) = ±fr x + i|V x J| 

47r V 4 

Therefore, by integrating over X the expansion 0O.9D for k = 1 we obtain (I0.6D . so 
AO. 10ft is compatible with d0~6b . 

Theorem IO for q = and dOlOb generalize the results of lfl6l ITTl l30ll and B6ll 
to the symplectic case. The term r x + \\V X J\ 2 in dO.lQD is called the Hermitian 
scalar curvature in the literature Il26t Chap. 10] and is a natural substitute for the 
Riemannian scalar curvature in the almost-Kahler case. It was used by Donaldson 
[24] to define the moment map on the space of compatible almost-complex struc- 
tures. We can view AO. IIP as an extension and refinement of the results of II 1111 . 11271 
§5] about the density of states function of A p $ (cf. Remark [3.21 for the details). 

In IH8I . Dai, Liu and Ma also focused on the full off-diagonal asymptotic ex- 
pansion (cf. II 181 Theorem 4.18]) which is needed to study the Bergman kernel on 
orbifolds, and the only small eigenvalue of the operator is when p — > oo, thus they 
had the key equation [18, (4.89)]. In the current situation, we have small eigen- 
values (cf. ( I0.5D ) and we are interested to prove Theorem 11.191 that is, the near 
diagonal expansion of the generalized Bergman kernels. This result is enough 
for most of applications. At first, the spectral gap ( 10.51 ) and the finite propaga- 
tion speed of solutions of hyperbolic equations allow to localize the problem. Then 
we will combine the Sobolev norm estimates as in [ 18 ] and a formal power series 
trick to obtain Theorem 11.191 and in this way, we get a method to compute the 
coefficients (cf. (II. HOD . 01.114D ) which is new also in the case of IH8I . 

In a forthcoming paper [33], we will find the full off-diagonal asymptotic ex- 
pansion of the generalized Bergman kernels by combining the results here and in 
[18], and as a direct application, we will study the Toeplitz operators on symplectic 
manifolds and Donaldson Theorem [23] for the Kodaira map $ p (I3.14D . 

Let us provide a short road-map of the paper. In Section [TJ we prove Theorem 
10.11 In Section El we compute the coefficients b q ^ r , and thus establish Theorem 
10.21 In Section |3j we explain some applications of our results. Among others, we 
give a symplectic version of the convergence of the induced Fubini-Study metric 
[43], and we show how to handle the first-order pseudo-differential operator D b of 
Boutet de Monvel and Guillemin fl3l . which was studied extensively by Shiffman 
and Zelditch l39l . and the operator d + d when X is Kahler but J ^ J. We include 
also generalizations for non-compact or singular manifolds and as a consequence 
we obtain an unified treatment of the convergence of the induced Fubini-Study 
metric, the holomorphic Morse inequalities and the characterization of Moishezon 
spaces. Some results of this paper have been announced in Il32l . We refer also the 
readers our recent book [34] for our approach. 



GENERALIZED BERGMAN KERNELS ON SYMPLECTIC MANIFOLDS 



5 



1. Generalized Bergman kernels 



As pointed out in Introduction, we will apply the strategy of the proof in IfTSll . 
However, we have small eigenvalues when p — > oo (cf. ( 10.5ft ). thus we cannot use di- 
rectly the key equation IfLSl (4.89)] to get a full off-diagonal asymptotic expansion 
of the generalized Bergman kernels. After localizing the problem, we will adapt 
the Sobolev norm estimates developed in lfT8l to our problem in Section 11.31 To 
complete the proof of Theorem 10. 1L we need to prove the vanishing of the coeffi- 
cients F q>r (r < 2q) in the expansion ( I1.77D . We will introduce a formal power series 
trick to overcome this difficulty and give a method to compute the coefficients in 
d0.9D . The ideas used here are inspired by the technique of Local Index Theory, 
especially by EJ §10, 11]. 

This Section is organized as follows. In Section 11.11 we explain that the as- 
ymptotic expansion of the generalized Bergman kernel P q , p { local on X by 
using the spectral gap ( 10. 5D and the finite propagation speed of solutions of hy- 
perbolic equations. In Section [l~2l we obtain an asymptotic expansion of A Pi $ in 
normal coordinates. In Section fL3l we study the uniform estimate of the general- 
ized Bergman kernels of the renormalized Bochner-Laplacian S£ t . In Section fl~4l 
we study the Bergman kernel of the limit operator Jzf . In Section Tl.51 we com- 
pute some coefficients F q>r {r ^ 2q) in the asymptotic expansion in Theorem II. 131 
Finally, in Section fl~6l we prove Theorem 10. 1L 

1.1. Localization of the problem. Let a x be the injectivity radius of (X,g TX ). 

We fix e e (0, a x /A). We denote by B x (x, e) and B T * X (0, e) the open balls in X and 
T X X with center x and radius e, respectively. Then the map T X X 3 Z —> exp x (Z) e 
X is a diffeomorphism from B TxX (0,e) on B x (x,e) for e ^ a x . From now on, we 
identify B TxX (0, e) with B x (x, e) for e ^ a x . 

Let ( , ) lv®e be the metric on L p <g> E induced by h L and h E and dvx be the Rie- 
mannian volume form of (TX, g TX ). The L 2 -scalar product on c ^' oc (X, V <8> E), the 
space of smooth sections of W ® E, is given by 



We denote the corresponding norm with || ■ \\ L 2. 

Let V TX be the Levi-Civita connection of the metric g TX and \/ LP ® E be the con- 
nection or\L p ®E induced by V L and V E . Let {e^}, be an orthonormal frame of TX. 
Then the Bochner-Laplacian on L p <g> E is given by 



Let P Hp be the orthonormal projection from ^°°(X, L p <g> E) onto H p , the span of 
eigensections of A Pj $ = A LP ® E — pr + $ corresponding to eigenvalues in [— C L , C L ]. 

Definition 1.1. The smooth kernel of (A p ^) q P Hp , q > (where (A p $)° = 1), with 
respect to dv x (x') is denoted P q , p (x, x') and is called a generalized Bergman kernel 



(1.1) 




(1.2) 




of A 
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The kernel P q>p (x, x') is a section of ttI(L p ® E) ® ^(LP ® -E)* over X x X, where 
7Ti and 7r 2 are the projections of X x X on the first and second factor. Using the 
notations of d0.7D we can write 

dp 

(1.3) P q , p (x, x') = J2 Kp S ?( x ) ® s ? (*'))* e ( LP ® ® ( LP ® 

i=l 

Since L P ®(L P )* is canonically isomorphic to C, the restriction of P 9iP to the diagonal 

{(x, x) : x G X} can be identified to B q<p e tf°°(X, E ® E*) = ^°°(X, End(E)). 

Let / : R — > [0, 1] be a smooth even function such that /(f) = 1 for |n| ^ e/2, and 
/(«) = Ofor H ^ e. Set 

/.+00 ! /-+00 

(1.4) F(a) = ( / f(v)dvj / e iva f(v)dv. 

J — oo J — oo 

Then F(a) is an even function and lies in the Schwartz space S(R) and F(0) = 1. 
Let F be the holomorphic function on C such that F(a 2 ) = F(a). The restriction of 
F to M lies in the Schwartz space S(M). Then there exists {cj}f =1 such that for any 
k G N, the function 

k 

(1.5) F fc (a) = F(a) - ^c^F(a), 

i=i 

verifies 

(1.6) F fc (i) (0)=0 for any < i < A;. 
Proposition 1.2. For any k, m G N, £/iere exists C km > such that for p ^ 1 



(1.7) 



f m (XxX) 



F fc (-±= A Pi $) (x, a/) - Poj>(», a;') 
.t/ere the ( rf m norm is induced by V L and V E . 
Proof By dl.4D . for any m G N, there exists C' k m > such that 
(1.8) sup\a\ m \F k (a)\^C' km . 

Set 

(1-9) G k)P (a) = l [v ^ /10>+oo[ (a)Ffc(a), if fcjP (a) = 1 (|a|)F fc (a), 

By ( I0.5D . for p big enough, 

(1.10) F k [±A p> $) = ^^(^Ap,*) + H k , p (^A p ^). 

As X is compact, there exist {xj}[ =1 such that {Ui = B x (xi,e)} r i=1 is a covering 
of X. We identify B Tx i x (0, e) with B x (xi, e) by the exponential map as above. We 
identify (L P ®E) Z for Z G B T ^ X (0, e) to (L p ®E) Xi by parallel transport with respect 
to the connection V LP ® £ along the curve 7^ : [0, 1] 3 u — > exp x .(uZ). Let {ej}j be an 
orthonormal basis of T X .X. Let e^Z) be the parallel transport of with respect to 
V TX along the above curve. Let T E , T L be the corresponding connection forms of 
V E , V L with respect to any fixed frame for E, L which is parallel along the curve 
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7^ under the trivialization on U. Denote by Vu is the ordinary differentiation 
operator on T Xi X in the direction U. Then 

(1.11) = V e . + P T L ( ej ) + T E (e 3 ). 

Let (fii be a partition function associated to {Ui}. We define an Sobolev norm on the 
l-th Sobolev space H l (X, U> <g> E) by 

/ 2n 

d-12) imi^ = EE E nve n ---v % (^)iii 2 

Then by dD, Ol), (fTTTb . there exists C > such that for p ^ 1, s E H 2 (X, Lp®E), 



(1.13) 



|s||h2 < C(I|A Pi *s||l2 +p 2 ||s|| L2 ). 



Let Q be a differential operator of order m e N with scalar principal symbol and 
with compact support in U if then by 01.13D and [A Pi $, Q] is a differential operator of 
order m + 1, we get 



(1.14) 

This means 
(1.15) 



||Qs|| H 2 <C C(\\A p ^Qs\\ L 2+p 2 \\Qs\\ L 2) 

< C(||C/A P) $s|| L 2 +p 2 ||s|| H m+i +p 2 ||Qs|| L 2) 



|s|| H 2 m+2 ^ C m p 4m ||A^ $ S|| L 2. 
i=o 



Moreover for G fc , p = G Kp ovH k , p , (A^G k ^j=A p ^)Qs, s>) = (s, Q*G k>p (^A Pi0 )A^s'), 
so from dl.6D . ( I1.8D . we know that for l,m' e N, there exist C, C > such that for 

p > 1, 



(1.16) 



^ Cp l \\s\\ L 2, 



L 2 



L- 



«C C'p 2m --i\\s\\ L 2. 



We deduce from dl. 15D and dl. 16D that if P, Q are differential operators with com- 
pact support in U if Uj respectively, then for any I e N, there exists C > such that 

for p > 1, 



(1.17) 



^Cp- l \\s\\ L 2, 



L 2 



p(h Kp (±a p ^)-p Hv )qs 



L 2 



< Cp 



2(m+m')- 



On Ui x t/j, we use Sobolev inequality, we know for any I e N, there exists C > 
such that for p > 1 , 



(1.18) 



G A; ,p(^Ap i(I) )(x,x / ) 



< C;, m p 



x, a; 



^ Cp 



2(2m+2n+l)-| 



By dl.lOD and d!.18D . we get our Proposition fL2 



□ 
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Using ( 11.4ft . ( 11.5ft and the finite propagation speed JT7l §7.8], (42l §4.4], it is 
clear that for x, x' e X, F k (^A p ^) (x, •) only depends on the restriction of $ to 

B x (x, ep~^), and F fc (^=A Pi $) (x, x') = 0, if d(x,x') ^ q» ^. This means that the as- 
ymptotic of Ap $ P Wp (x, •) whenp — >■ +oo, modulo &{p ~°°) (i.e. terms whose c € m norm 
is &{p~ l ) for any l,m E N), only depends on the restriction of A P) $ to B x (x, ep~i). 

1.2. Rescaling and a Taylor expansion of the operator A p We fix x e X. 

From now on, we identify B Tx o x (0, e) with -B x (x , e). For Z e _B Ta; o x (0, e) we identify 
L Z ,E Z and (L p ® E) z to L Xo , _E ;Co and (L p ® by parallel transport with respect 
to the connections V L , V E and \7 LP ® E along the curve 7^ : [0, 1] 3 u — ► expf (iiZ). 
Let {ej}j be an oriented orthonormal basis of T^X, and let {e'}j be its dual basis. 

For e > small enough, we will extend the geometric objects from B Tx o x (0, e) to 
M. 2n ~ T XQ X where the identification is given by 

(1.19) {Z x , ■ ■ ■ , Z 2n ) e R 2n — * Yl Z ^ G T *° X 

i 

such that A P) $ is the restriction of a renormalized Bochner-Laplacian on IR 2n asso- 
ciated to a Hermitian line bundle with positive curvature. In this way, we replace 
X by R 2n . 

At first, we denote by L , E the trivial bundles with fiber L Xo ,E Xo on X = 
R 2n . We still denote by V L , V E , h L etc. the connections and metrics on L , E on 
B Tx * x (0, As) induced by the above identification. Then h L , h E is identified to the 
constant metrics h L ° = h Lx o t h E ° = h Ex o . 

Let p : R — ► [0, 1] be a smooth even function such that 

(1.20) p(v) = 1 if |v| < 2; p(v) = if \v\ > 4. 

Let ip £ : M 2n M 2n is the map defined by <^ £ (Z) = p(\Z\/e)Z. Then $ = $ o <p e is 
a smooth self-adjoint section of End(E ) on X . Let g TX °(Z) = g TX (Lp e (Z)), J (Z) = 
J((p s (Z)) be the metric and complex structure on X . Set V E ° = <^V B . Then V E ° 
is the extension of V E on B Tx o x (0, e). If H = J2i Zie% = Z denotes radial vector field 
on R 2n , we define the Hermitian connection V L ° on (L , h Lo ) by 

(1.2D V Lo U = ^ L + \{l - P 2 (\Z\/e))R L X0 (K, •). 

Then we calculate easily that its curvature R L ° = (V L °) 2 is 

R L °{Z) = <p* £ R L + id((l - P 2 (\Z\/s))R L X0 (TZ, •)) 
(1.22) = (l- P 2 (\Z\/s))r l X0 + p 2 (\Z\/e)R L MZ) 

- (PP'WI/B)^ A [R L Xo (K, ■) - R L MZ) (n, •)] • 

Thus R L ° is positive in the sense of ( 10.21 ) for £ small enough, and the corresponding 
constant p for R L ° is bigger than |/i . From now on, we fix e as above. 

Let A x % o = A L °® E ° - pr — $ be the renormalized Bochner-Laplacian on X 
associated to the above data, as in ( 10.4ft . Observe that R L ° is uniformly positive on 
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R 2n , so by the relations (3.2), (3.11) and (3.12) in (H P- 656-658], we know that 
d0.5D still holds for A*| o . Especially, there exists C Lo > such that 

(1.23) SpecA$ C [-C Lo ,C Lo ]u[~ Pf i -C Lo ,+oc[. 

We note that A?| has not necessarily discrete spectrum. 

Let S l be an unit vector of L xo . Using S L and the above discussion, we get 
an isometry E <g> L p ~ E xo . Let Po,h p De the spectral projection of A^ o from 
tf°°{X , LPq ® P ) ~ ^°°(Xo, £ Xo ) corresponding to the interval [-C Lo , C Lo ), and let 
P 0>q , P (x, x') (q > 0) be the smooth kernels of P ,,, P = (A^ ) 9 P ,w p (we set (A*| o )° = 1) 
with respect to the volume form dv Xo (x'). The following Proposition shows that P qtP 
and Po,q, p are asymptotically close on B Tx o x (0, e) in the < ^ , °°- topology, as p — > oo. 

Proposition 1.3. For any Z,m e N, £/iere exists C^ m > suc/i £/ia£ /or 6 

(1.24) |(P 0)W , - Pg )P ){x,x')\ Vm ^ C hm p- 1 . 
Proof. Using ( I1.4D and ( 11.23ft . we know that for x, x' e B Tx o x (0, e), 



(1.25) 



F k (^=A p ^)(x,x') - P 0Ap (x,x') 



-§+2(m+n+l) 



Thus from 01.7D and ( I1.25D for k big enough, we infer J1.24D for q = 0; Now from the 
definition of P , g , P and P q>p , we get dl.24D from dl.llD and dl.24D for q = 0. □ 

It suffices therefore to study the kernel Po, q , P and for this purpose we rescale the 
operator A^| Q . Let dvrx be the Riemannian volume form of {T Xo X, g Tx ° x ). Let k(Z) 
be the smooth positive function defined by the equation 

(1.26) dv Xo (Z) = K(Z)dv TX (Z) 1 

with k(0) = 1. Denote by Vu the ordinary differentiation operator on T Xo X in 
the direction U, and set = V ej . If a = (cti, ■ • • , a 2n ) is a multi-index, set Z a = 

Z? 1 ■ ■ ■ Z2 n - We also denote by (d a R L ) Xo the tensor (d a R L ) Xo (e h e,) = d a (R L (e u e,-))* . 
Denote by t = -±=. For s e < & 00 (M 2n , E Xo ) and Z e R 2n , set 

(S t s)(Z) =s(Z/t), V t = ts^^v L > Eo K-^s t , 

(1.27) 

The operator «£f t is the rescaled operator, which we now develop in Taylor series. 

Theorem 1.4. There exist polynomials A i: j, r ( resp. B ijT , C r ) (r e N, z, j G {1, • • • , 2n}) 
m Z with the following properties: 

- their coefficients are polynomials in R TX (resp. R TX , R L , R E , $) and their 
derivatives at x up to order r — 2 (resp. r — 1, r, r — 1, r), 

- Aij iT is a monomial in Z of degree r, the degree in Z of B i>T (resp. C r ) has the 
same parity with r — 1 (resp. r), 

- if we denote by 

(1.28) O r = A,,-V,,.V,. + B ijr V ei + C r , 
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then 
(1.29) 
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se t = ^ + J2 tr ° r + 



m+l N 



r=l 



and there exists ml GN such that for any k e N, £ < 1 £/ie derivatives of order ^ k of 
the coefficients of the operator ff(t m+1 ) are dominated by Ct m+1 (l + \Z\) m '. Moreover 

(1.30) 



' XQ1 



O x {Z) = -^(^i? L ) X0 (^,e,)^(v es + l -R L X0 {K,e t )) - i^U^e.) - (V n r) xo , 
2 (Z) = i (Igffceifae^ (V ei + ^ L (^,e,)) (v ej + ^<(^e,)) 



M=2 



M=2 



1 [jSfo, e,)^, ei ) xo ] - £ (^k^ + ^o- 



\a\=2 



Proof. Set gij(Z) = g lx (ei,ej)(Z) = (ei,ej) z and let (g lJ (Z)) be the inverse of the 
matrix [g^Z)). By [1, Proposition 1.28], the Taylor expansion of gij(Z) with respect 
to the basis {et} to order r is a polynomial of the Taylor expansion of R TX to order 
r — 2, moreover 



(1.31) 



g ij (Z) = 5 ij + ~(R™(n,e i )K,e j ) 



k(Z) = | detG^Z))! 1 / 2 = 1 + 1 {^{K^K^ + G(\Z\*)- 



If r' ■ is the connection form of V with respect to the basis {e^}, we have (Vf. x ej)(Z) 
PijWeu Owing to OB, 



(1.32) 



.Co 



«*(^ ^)e h e t ) xo + (R™(K, ei )e 3 , e,) 
Now by (fl~2b . 

(1.33) A Pi * = -^(Vj^V™ - < T %) -pr + 

so from ( I1.27D and A1.33D we infer the expression 



+ 



(1.34) 



Sf t = -g ij (tz) 



tv ,v 



ij v t,ei 



(tZ) -r{tZ) +t 2 ${tZ). 



Let T E , T L be the connection forms of V E and V L with respect to any fixed frames 
for E, L which are parallel along the curve 7^ under our trivializations on B Tx o x (0, e). 
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<fT727b yields on 5^(0, e/t) 

(1.35) V t>fH \ z = K^(tZ)(y ei + jT L (e l )(tZ)+tT E (e i )(tZ)y-i(tZ). 

Let r* = T E , T L and R* = R E , R L , respectively. By (H Proposition 1.18] the Taylor 
coefficients of T'(ej)(Z) at x to order r are only determined by those of R* to order 

r — 1, and 

(1.36) E (^ r 'U^)fr = E (d a R% (K, ej )^. 

\a\=r \a\=r— 1 

Owing to OH), OH) 

(1.37) J85 = -(<5y - t (Igffceifaei) + 0(t 3 ))J(tZ){ 

M=2 

v ej + (~< + \{d k R L ) xo z k + ^Y, ( daRL ^ + e ^') + 

|o|=2 

- r xo - t(V n r) X0 ~t 2 J2 (d a r) xo ^ + t 2 <S> Xo + 0(t 3 ). 

\a\=2 

Relations OH> and (flT34b - (fL37b settle our Theorem. □ 

1.3. Uniform estimate of the generalized Bergman kernels. We shall es- 
timate the Sobolev norm of the resolvent of S£ t so we introduce the following 
norms. We denote by (• ,-) 0i2 and || ■ || 0i £s the scalar product and the L 2 norm 

on ^°°(X , E xo ) induced by g T ' Xo , h E ° as in OJ). For s G ^°°(X , E XQ ), set 

(1-38) \\s\\lo = Ml = [ \s(Z)\l Exo dv TX (Z), 

m 2n 

\\ S \\t,m — /j y] \\^t,e H ■ ■ ■ Vt, eij s||t j0 . 
i=0 ii,— ,«(=1 

We denote by (s',s) t0 the inner product on ^°°(Xo, E Xo ) corresponding to || • ||^ . 
Let H™ be the Sobolev space of order m with norm || ■ || t)Tra . Let H^ 1 be the Sobolev 
space of order —1 and let || ■ || t _i be the norm on Hf 1 defined by ||s||t,-i = sup ^ s , eH i 
I (s, s') t)0 \/\W\\ t ,i. If A G ^(H m , H m ') (m,m' G Z), we denote by \\A\\™' m ' the norm of 
A with respect to the norms || • || t>m and || • \\t, m '- 

Remark 1.5. Note that is self-adjoint with respect to || ■ || , thus by ( I1.26D . 

( I1.27D . ( I1.38D . ££ t is a formal self adjoint elliptic operator with respect to || || , and 
is a smooth family of operators with the parameter x G X. Thus Jzf and O r are 
also formal self-adjoint with respect to || • || . This will simplify the computation of 
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the coefficients 6 ,i i n dO.HI > (cf. £12. 3D and explains why we prefer to conjugate with 
k 1 ' 2 comparing to 021 (3.38)]. 

Theorem 1.6. There exist constants Ci,C 2 ,C 3 > such that for t g]0, 1] and any 
s,s' etf Q °°(R 2n ,E X0 ), 

(=2jS, s) tQ ^ Cl 1 1 s 1 1 1 , 1 — C2||s||t,0) 

I {-^t s i s ')to I ^ C^INkil! 5 Iki- 



(1.39) 



Proof. Relations d0.4D and ( I1.2D yield 

(1.40) (A p> *s, s) L2 = || V L »® Eo s\\l L2 - ((pr - d>) s, s) 0iL2 

Thus from (fL27b . (Q8b and (fl~40b we get 



(1.41) 



<^«, *> t> Q = II Vta|| Jo - ({S^r - t 2 $) a, a) . 



which implies ( I1.39D . 

Let 5 be the counterclockwise oriented circle in C of center and radius fio/4. 



□ 



Theorem 1.7. The resolvent (A — J? t ) 1 exists for A G 5, and there exists C > such 
that for t g]0, 1], A G 5, cm<i x G X, 



||(A ^ C, 



(1.42) In „ N/ 
Proof By (fl~23l . (fl~27b . for t small enough, 

(1.43) Spec Sf t C [ - C Lo t 2 , C L( /] U 



||(A--2t)~ 1 || t ~ 1 ' 1 < C 



/i , +oo 



\\t ^ Cl - 



Thus the resolvent (A — Sf t ) 1 exists for X e 5, and we get the first inequality of 
OH). Bv( Q9T ) (A -J%) 1 exists for A G R, A ^ -2C 2 , and ||(A -^ 
Now, 

(1.44) (A - J^)" 1 = (A - ^t)- 1 - (A - A )(A - ^(Aq - J?*)- 1 . 

Thus for A G 5, from (I1.44D . we get 



(1.45) 



|| (A - j? t ] 



-1 1|—1,0 



< 7^- I 1 + — 1A — A | 



Changing the last two factors in dl.44D and applying ( I1.45D we get 



(1.46) 



-in— 1,1 
t> \\t 



i 

< — 



IA- Ar 



1 + — | A — A | 1 < C. 
Ho 



The proof of our Theorem is complete. 



□ 



Proposition 1.8. Take m G N*. There exists C m > such that for t g]0, 1], 
Qi, ■ ■ ■ , Q m e {Vt^Zt}^ and s, s' G C?(X , E Xo ), 



(1.47) 



([Ql, [Q21 • • • j [Qm, =2*]] • • S ) t ^ Cm 
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Proof. Note that [V t , ei , Zj) = hence ( 11.34ft implies that [Zj,^f t ] verifies dl.471) . On 
the other hand, we obtain from ( 11.271) 

(1.48) [V t , ei , V t>e ,] = (R L "(tZ) + t 2 R E °(tZ)) (e h e 3 ). 

Thus from ( 11.34ft and ( 11.481 ). we know that [V t ,e h , -&t] has the same structure as Jzfj 

for t e]0, 1], i.e. [Vt,e h ,-%t] has the same type as 

(1.49) ^a^tZ^t^Vt^+^b^t.tZ^t^+cit.tZ), 

ij i 

and dij(t, Z),bi(t, Z),c(t, Z) and their derivatives in Z are uniformly bounded for 
Z G M 2n , t G [0, 1]. Moreover they are polynomials in t. 
If (Vt jGi )* is the adjoint of Vt, ei with respect to ( • , ■ ) t , ( 11.381 ) yields 

(1.50) (V t>e .)* = -V^ - ^(e^XtZ). 

Thus by ( 11.491 ) and ( 11.50ft . dl.471 ) is verified for m = 1. 

By recurrence, it transpires that [Qx, [Q 2 , ■ ■ ■ , [Q m , J%]] ■ ■ ■] has the same structure 
dl.49D as Jzf 4 , so from ( 11.501 ) we get the required assertion. □ 

Theorem 1.9. For any t g]0, 1], A G 5, m G N, the resolvent (X — ^y 1 maps H™ into 
H™ +1 . Moreover for any a G l? n , there exists C ajTn > such that for t g]0, 1], A G 5, 

(1-51) (A — =^t) ls IUm+l ^ C*a,m 11^° s ||t,m- 

Proo/ For Qi,-- - ,Q m G {V^}^, Q m +i,--- ,<5 m+ | a | e {Z^l x , we can express 
Qi • • • Qm+\ a \{X — %t)~ x as a linear combination of operators of the type 

(1.52) \Q\\Qi, ■■■ [Qm', (A - ^tT 1 }] •• -]Qm'+i ■■ -Qm+\a\, m'^m+\a\. 

Let M t be the family of operators M t = {[Qj 1 [Qj2, ■ ■ ■ [Qjn-^t]] ■■■]}■ Clearly, any 
commutator [Qi[Q2, ■ ■ ■ [Qm 1 , (A — ^t) -1 ]] . . .] is a linear combination of operators of 
the form 

(1.53) (A - SQ^R^X - ^ t )~ l R2 ■ ■ ■ RntiX - J^)" 1 

with Ri, ■ ■ ■ ,R m > G M t . 

From Proposition 1 1 . 81 we deduce that the norm || • \\ t ~ x of the operators Rj G M t 
is uniformly bounded by C. By Theorem 11.71 there exists C > 0, such that the norm 
|| • Hj' 1 of operators dl.53D is dominated by C. □ 

The next step is to convert the estimates for the resolvent into estimates for 
the spectral projection V ,t ■ (tf°°(X , E XQ ), || • || ) -> (^°°(X ,E Xo ), || • || ) of Sf t cor- 
responding to the interval [-C Lo t 2 , C Lo t 2 }. Let V q , t (Z,Z') = V q , t , Xo (Z, Z'), (with 
Z, Z' G X Q , q > 0) be the smooth kernel of V q<t = {&t) q V Q>t (we set (jSf t )° = 1) with 
respect to dv TX (Z'). Note that Jzfi is a family of differential operators on T X0 X with 
coefficients in End(E) X0 . Let 7r : TX x x TX —> X be the natural projection from the 
fiberwise product of TX on X. Then we can view V qtt {Z, Z') as a smooth section of 
7r*(End(£)) over TXx x TX by identifying a section S G ^°°(TX x x TX, vr* End(£)) 
with the family {S x ) xeX , where S x = S\ n -i( x ). Let v End(B) be the connection on 



14 XIAONAN MA AND GEORGE MARINESCU 

End(E) induced by V E . Then v^* End(£) induces naturally a ^ m -norm of S for the 
parameter x e X. 

Theorem 1.10. For any m,m' G N, a > 0, there exists C > 0, such that for t g]0, 1], 
Z, Z' G T X0 X, \Z\, \Z'\ < o, 

Q\a\+\a'\ Qr 



(1.54) sup 

\a\,\a'\,r^.m 



^ C. 



0Z a dZ' a ' dt r ' q 
Here ( rf m ' (X) is the c rf m ' norm for the parameter x G X. 
Proof. By dTiSb . for any fe G N*, g ^ 0, 

(1.55) V q , t = (^t) q V , t = l-(^ + k k _- 1 ^ Jx* k -\* ~ ^t)- k d\. 

For m g N, let Q m be the set of operators {Vt, ei • • • V i)ei }j^ m . From Theorem II .91 
we deduce that if Q G Q m , there is C m > such that 

(1.56) ||Q(A - ^t)' m \\t° < C m , for all A G 5 . 

Observe that Jf t is self-adjoint with respect to || ■ || t , so after taking the adjoint of 
01.561 . we have 

(1.57) \\{\-j? t y m QC ^C m . 

From (11.55ft . 01.561 and 11.571 . we obtain 

(1.58) \\QV q , t Q't fi < C m , for Q,Q' g Q m . 

Let | ■ \( a ),m be the usual Sobolev norm on ^°°(B Tx " x (0, a+1), E XQ ) induced by h Ex o 
and the volume form dvrx{Z) as in ( 11.38ft . Let ||A||( CT ) jm be the operator norm of 
A with respect to | ■ \( a ),m- Observe that by (11.35ft . ( 11.38ft . for m > 0, there exists 
C a > such that for s G ^°°{X , E Xo ), supp s c 5 T *o x (0, a + 1), 

(1.59) 77"ll S l|t,m ^ |s|(cr),m ^ Co-||s||t. m . 

Now dl.581 ) and dl.59ft together with Sobolev's inequalities imply 

(1.60) sup \Q z Q' z> V q , t (Z, Z')\^C, for Q, Q' e Q m . 

\Z\,\Z'\^o 

Thanks to (fL35l) and (fl~60b estimate (fL54b holds for r = m = 0. 
To obtain (11.541 ) for r ^ 1 and m' = 0, note that from ( 11.55ft . 

Set 

(1.62) I k>r = | (k,r) = (fcj.ri) | h = k + j, ^ n = r, ^r.eN*]. 

i=0 i=l 
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Then there exist a% G R such that 

A*(A, t) = (A - ^)" fc0 ^(A - ^)- fcl • ■ ■ - JSJ) A 

— (A-^)- fc = £ a^(A,t). 

(k,r)eifc, r 

We claim that Ajf(A, t) is well defined and for any m G N, k > 2(m + r + 1), 
Q, Q' G Q m , there exist C > 0, iV g N such that for A G 5, 

(1.64) ||QA r k (A,t)Q / S || 4i0 < C W zPs ko- 

\0\<2r 

In fact, byCH, ^ is combination of ^^(tZ)) (f|V M J (^V M ,), ^(d(tZ)), 
^{di{tZ)) (f^V t)e J. Now §^{d{tZ)) (resp. f^V t , ei ) (n > 1), are functions of the 
type as d'{tZ)Z 13 , < ri (resp. n + 1) and d'iZ) and its derivatives on Z are 
bounded smooth functions on Z. 

Let M[ be the family of operators of the type 

= {[fjiQjn [fhQh: ■ ■ ■ [fjiQjv • • •]} 

with fa smooth bounded (with its derivatives) functions and Q jt G {Vt,ej}f=i- 

Now for the operator A k (A, we will move first all the term Z 13 in d'(tZ)Z as 
above to the right hand side of this operator, to do so, we always use the commuta- 
tor trick, i.e., each time, we consider only the commutation for Z i} not for Z^ with 
|/3| > 1. Then A*(X,t)Q' is as the form E|/3|< 2 r Lt pQ"p z ^ and Q"p is obtained from Q' 
and its commutation with Now we move all the terms V t>ei in to the right 
hand side of the operator IA. Then as in the proof of Theorem 11.91 we get finally 
that QA*(X,t)Q' is as the form Y^\p\<2r^p zl3 where J??j is a linear combination of 
operators of the form 

Q(X - ^tY^R^X - Sty-^Rz ■■■R l ,(X- J? t )- k 'i>Q'"Q", 

with R u ■ ■ ■ ,R V G M' t , Q'" G Q l , Q" G Q m , \(3\ < 2r, and Q" is obtained from Q' 
and its commutation with Z&. By the argument as in ( 11.561 ) and ( I1.57D . as k > 
2{m + r + 1), we can split the above operator to two parts 

Q{X - J*?t)~ k '°Ri{X - %tY K Ri ■ ■ ■ Ri{X - 
(A - jgf t )-W-<) ■ ■ -^,(A - ^ t y k 'i'Q'"Q\ 

and the || ||°'°-norm of each part is bounded by C for A G 5. Thus the proof of 
J1.64D is complete. 

By (I1.61D . ( I1.63D and the above argument, we get the estimate dl.54D with m' = 0. 
Finally, for any vector U on X, 



(1.65) Vu EndiE) V q , t = — ( q + k l ) 1 [ A«+ fe -V£ End(E) (A - J? t y k dX. 

27TZ V k 1 



Now we use a similar formula as dl.63D for EnA ^ (X — J£ t ) k by replacing by 
End ( B )j5f t> an( j remark that End ( E) ^ i s a differential operator on T X0 X with 
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the same structure as Jzf t . Then by the above argument, we conclude that dl.54D 
holds for m! > 1. □ 



For k big enough, set 



1 fq + k — 1 



q,r 



(1.66) 



2wi r! 
1 d r 



' J & fl, „lc T. 



(A,0)dA, 



(k,r)e/ fc , r 



p . = -p , _ p 

q r\ dt r 



Let F q ^ r (Z, Z') (Z, Z' e T X0 X) be the smooth kernel of F gr with respect to dv T x{Z'). 
Then F 9jr e ^°°(TX x x TX, vr* End(£)). Certainly, as t ->• 0, the limit of || || tim 
exists, and we denote it by || || , m . 

Theorem 1.11. For any r > 0, k > 0, there exists C > such that for t G [0, 1], X e 5, 



(1.67) 



dt r 



\t=o s 



t,-i 



Ct ||Z a s||o,i, 



M<r+3 



(k,r)e/ fc , r H<4r+3 

Proof. Note that by (fL35l) . (fL38b . for t e [0, 1], fc ^ 1, 

(1-68) ||s|| t)0 = ||s||o,o, \\s\\t,k < C ||Z a s|| 0ifc . 

An application of Taylor expansion for ( 11.341 ) leads to the following estimate for 
compactly supported s,s': 



(1.69) 



df 



dr 



t=0 I s : s 



0.0 



M<r+3 



Thus we get the first inequality of dl.67D . Note that 

(1.70) (A - J^)- 1 - (A - ^o)- 1 = (A - Sf t )-\J% - J2f )(A - J^o)" 1 - 
Now from (fL69b and ( TL701 ). 

(1.71) || ((A - ^J)- 1 - (A - ifo)- 1 ) s|| 0)0 < J2 W zas Wo,i- 

|a|<3 

After taking the limit, we know that Theorems 11.71 11.81 still hold for t = 0. Note 
that V , ej = V ej + \R L X0 {U, Bj) by dQgb. If we denote by J&f^ = A - JSf t , then 



(1.72) A*(A,t) - ^(A,0) = ■ • • - ^rU) 



t=0 -Z\n 



kj 
A,0 



i=0 v 7 



A,0 



From the discussion after ( I1.64D . formulas dl.42D . dl.63D and dl.71D . we get dl.67D . 

□ 
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Theorem 1.12. For a > 0, there exists C > such that for t e]0, 1], Z, Z' e T X0 X, 
\Z\, \Z'\ < a, 



(1.73) 



Fq,r,t(Z, Z') 



<Ct l/2(2n+l) _ 



Proo/: By ED , OID> and (fi~67l there exists C > such that for t e]0, 1], 



(1.74) 



|-Fg,r,t||(o-),0 ^ Ct. 



Let : R — > [0, 1] be a smooth function with compact support, equal 1 near 0, 
such that L (j>{Z)dv TX {Z) = 1. Take v e]0,l]. B v the proof of Theorem fTTTUl and 
U.66D . F g r verifies the similar inequality as in ( I1.54D with r = 0. Thus by dl.54D . 
there exists C > such that if \Z'\ ^ a, U,U' e E Xo , 



(1.75) 



(F, )f , t (Z, Z')C/, U') - I ^ (F ?! , )t (Z -W,Z'- W')U, U') 



On the other hand, by ( I1.74D . 



(1.76) 



(F q , rit (Z -W,Z' -W')U,U') 
1 



//4n -0(W/z/)0(M/7v)^ r x(W)^ T x(W r/ ) < Ct— \U\\U'\. 
By taking z/ = tV2(2n+i) ; we obtain (fL73b . □ 
Finally, we obtain the following off-diagonal estimate for the kernel ofV q j. 

Theorem 1.13. For k,m,m' e N, a > 0, there exists C > such that if t e]0, 1], 
Z,Z'eT X0 X, \Z\,\Z f \ 



(1.77) 



sup 

|«| ,|a'| Sjm 



Proo/; By (fl~66b . and (fT73b . 
(1.78) 



^(n,<-Ev)(^') 



r=0 



^ Ct fc+1 . 



i y 



Now by Theorem II . 101 and ( I1.66D . F qjT has the same estimate as ^^V qjt , in J1.54D . 
Again from J1.54D . ( I1.66D . and the Taylor expansion 



(1.79) 

we have A1.77D . 



r=0 ,/u 



□ 
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1.4. Bergman kernel of Jzf . The almost complex structure J induces a splitting 

T m X ®jC = T {l ^X © T^X, where T^X and T^X are the eigenbundles of J 
corresponding to the eigenvalues v 7 — T and — v 7 — T respectively. We denote by detc 
the determinant function on the complex bundle T^^X. Set 



(1.80) 



J 



-27TA 



1J. 



By dO.lD . J G End(T (10) X) is positive, and J acting on TX is skew-adjoint. For any 
tensor ^ onl, we denote by V x ip the covariant derivative of ip induced by V TX . 
Thus V X J,V X J G T*X ® End(TX), V X V X J G T*X ® T*X <g> End(TX). We also 
adopt the convention that all tensors will be evaluated at the base point x G X, 
and most of the time, we will omit the subscript x . 

Let P N be the orthogonal projection from (L 2 (R 2n , E XQ ), || || = || ||t,o) onto N = 
KerJ2? , and let P N (Z,Z') be the smooth kernel of P N with respect to dv TxQ x(Z). 
Then P N (Z, Z') is the the Bergman kernel of JSf„- For Z, Z' G T^X, we have ° 



(1.81) P N {Z,Z' 



det c Jo 



.Co 



(27T) 



exp ( - ~ <(^ ) 1/2 (^ - tf), (Z - Z')) + i (J X0 Z, Z') ) . 



Now we discuss the eigenvalues and eigenfunctions of Jzf in more precise way. 
We choose {u>j}™ =1 an orthonormal basis of Til'°'X, such that 



(1.82) 



J XQ = diag(ai, 



G End(Ti;'°)X) 



with < ai ^ a 2 ^ • • • ^ a>n, and let {w J }j =1 be its dual basis. Then e 2j - 



T^K + ^j) and e 2j 



- w 



31 ' 



n forms an orthonormal basis of T Xo X. 



We use the coordinates on T Xo X 



i>2n 



induced by {ei} as in J1.19D and in what 



follows we also introduce the complex coordinates z 



(z 1} ■ ■ ■ ,z n ) on 



a2n 



Thus Z = z + z, and lu, = \/2-^,Wi = v 7 ^^. We will also identify z to J2i z i~§~ anc ^ 



2 to J2i z i-§f when we consider z and z as vector fields. Remark that 



(1.83) 



d 


2 


a 


dzi 




dzi 



1 

2 



so that Izl 2 



It is very useful to rewrite J2? by using the creation and annihilation operators. 
Set 



(1.84) V c 



-2V 9 . 



67 



2V 9 . 



Then by (fl~80"b . and (fL82b . we have 



1 



(1.85) 6, = -2^- + -a^ , fe^ 

and for any polynomial g(z,z) on z and z, 

(1.86) [6,, 6+] = 6,6+ - 6+6, = -2aA 



! dzi + 2 fliZi ' 



0. 



[g(z,z),bj] = 2£-g{z,z) 



[g(z,z),b 



(h, 



A) 



' "3 
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By d02b . (fL82b . r XQ = J2i a i- Th us from (OOb . (fL82b . (fL84b -( fL86b . 

(1.87) J% = X) 6 A t - 

i 

Remark 1.14. Let L = C be the trivial holomorphic line bundle on C n with the 
canonical section 1. Let h L be the metric on L defined by [ 1 1 ^.x. (^) = e~4 Sj=i a 3'l^'l for 
zGC". Let g TC ™ be the canonical metric on C n . Then j£f is twice the corresponding 
Kodaira-Laplacian 9 d under the trivialization of L by using the unit section 

e i£" =1 a^| 2 l. 

Theorem 1.15. The spectrum of the restriction ofJz? on L 2 (R 2n ) is given by 

n 

(1.88) SpecJzf rL2(i;2n) = |2 ^ctiCii : a = (ati, • ■ ■ , a„) G N n | 

i=l 

cma 7 an orthogonal basis of the eigenspace of 2 XT=i a i a i i- s given by 

(1.89) 6 a (/exp (-^X^^l^l 2 )) ' ^/ 3er ' 

i 

Proof At first z 13 exp (— | £\ a^p), /3 e N n are annihilated by 6+ (1 < « < n), thus 
they are in the kernel of .i?orL 2 (R 2 ™)- Now, by ( I1.86D . dl.89D are eigenfunctions of 
„Sf 0rL 2( R 2n) with eigenvalue 2^™ =1 a;aj. But the span of functions dl.89D includes 
all the rescaled Hermite polynomials multiplied by exp (— \ a^l 2 ) , which is an 
orthogonal basis of L 2 (R 2n ) by MT\ §6]. Thus the eigenfunctions in ( 11.891 ) are all 
the eigenfunctions of J2f rL 2 (R 2 ")- The proof of Theorem II . 151 is complete. □ 

Especially an orthonormal basis of KerJzf is 

P n 1/2 1 n 

From ( I1.90D . we recover ( I1.81D : 

(1.91) P*(Z,Z') = T^n^ exp (- i ^a J (|z J | 2 + |z:| 2 -2^)). 

^ ^ i=l » 

Recall that the operators Ox, 2 were defined in ( I1.30D . Theorem II. 161 below is 
crucial in proving the vanishing result of F q>r (cf. Theorem II. 18D . 

Theorem 1.16. We have the relation 

(1.92) P N 1 P N = 0. 

Proof From (ED, for U, V, W e TX, ((V#J)V, W) = (V§uj)(V, W), thus 

(1.93) ((VjJ)V, WO + ((V£j)W, C/) + ((V&J)17, V) = du(U, V, W) = 0. 
By dl) and dO) . 

R L (U,V) = (JU,V), 

( 1.94) (V^CV, wo = ((V£J)V, W), 

V & r = -^Tr| TJC [V5(J^]- 
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As J, J G End(TX) are skew-adjoint and commute, J, V X J are skew-adjoint 
and V X (JJ) is symmetric. From J 2 = — Id, we know that 

(1.95) J(V X J) + (V X J)J = 0, 

thus V§J exchanges T^X and T^X. From (fL93l) and (fL94b . we have 

(V n r) xo = -2V=i({V*{JJ))&, i-) = 2 ((V&7)£, i-) , 



(1.96) 



(9.2; 



4((Vi^4)-2((V^^). 

9zj 



From (OOb . (fL86b . (fL94b and (fL96b . we infer 



Oi = -; 



(1.97) 



9z 



6, < (V£ J)W, J: 



(v^)7e,£)6+-((v^)7e, 

_.///v. — / _ V x • 

dzi 

(v x j)n, 

Note that by (OSl <fTT9Tb . 

(1.98) (bfP N )(Z,Z') = 0, (\P N ){Z,Z') = a i {z i -^P N {Z,Z'). 

We learn from ( I1.98D that for any polynomial g(z, z) in z, z we can write g(z, z)P N (Z, Z') 
as sums of ^ 1 gp(z,z')P A T (Z, Z') with g^z^z') polynomials in z,z'. By Theorem II .151 

(1.99) P N b a g{z,z)P N = , for |a| > 0, 

and relations U.97D - ( I1.99D yield the desired relation dl.92D . □ 

1.5. Evaluation of F q>r . For s G R, let [s] denote the greatest integer which 
is less than or equal to s. Let f(\,t) be a formal power series with values in 

End(L 2 (R 2n ,E Xo )) 



(1.100) f(X,t) = £Y/r(A), / r (A) G End(L 2 (M 2n ,i? a;o )). 

r=0 

By 01.29D . consider the equation of formal power series for A G 5, 

oo 

(1.101) (-j&?o + A -^fa)/(A,t) = Id^ (R ^ o) . 



r=l 



Let iV- 1 be the orthogonal space of N in L 2 (M 2n , K^), and P N± be the orthogonal 
projection from L 2 (R 2n ,E X0 ) to iV- 1 . We decompose f(X,t) according the splitting 

iVffiJV 1 , 



L 2 (K 2n ,£* 



(1.102) 



ft.(A) = P"/ r (A), /r(A) = P f r (X). 
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Using ( I1.102D and identifying the powers of t in dl. 101D . we find that 

g (X) = jP N , fo{X) = (A - ^Y X P N \ 



(1.103) 



0=1 



9r{X) = \Y J P N J f r ^{\). 



Lemma 1.17. Forr e N, X^ +1 g r (X), A^/^A) are holomorphic functions for |A| < 

/x /4 and 

(1.104) (A r+ V)(0) = (P N 2 P N - P N O 1 £' - l P N± O 1 P N ) r P N . 

Proof. By ( I1.103D we know that Lemma \l. 171 is true for r = 0. Assume that Lemma 
II. 171 is true for r ^ m. Now, by Theorem ll.l5[ ( I1.103D and the recurrence assump- 
tion, it follows that A^ +1 /m+i(A) is holomorphic for |A| ^ fio/A, and 

m+l 

(1.105) A^ +1 W (A) = pN °* [9m + UX) + f^W ■ 

i=i 

By our recurrence, Al^^/m+i _,-(A), X^ m ^^ 1 g m -j(X), X^^^f^X) are holomorphic 
for |A| s= fio/A, j ^ 2. Thus bv Theorem fTTBl and ( OU3T ) and ( fiTTUBI ). A^] +1 g m+] (A) 
is also holomorphic for |A| ^ Aio/4, and 

(1.106) (A^W)(0) = (A [ ^ ] (^i^ + ^^ m -i))(0) 

= -P^^P^ (A^ m -i + /^i))(0) + (Al^MO). 
If m is odd, then by ( I1.106D and recurrence assumption, 

(1.107) (A^+W)(0) = P N (-O 1 ^ 1 P N± O 1 + 2 )P^^Vi)(O) 

= (P N 2 P N - p n o 1 ^ - 1 p n± o 1 p n )^p n . 

The proof of Lemma ll.l7l is complete. □ 

Theorem 1.18. There exist J qyr (Z,Z') polynomials in Z,Z' with the same parity 
as r and deg J q: r(Z, Z') < 3r, whose coefficients are polynomials in R TX , R E {and 
R L , $) and their derivatives of order < r — 1 ( resp. r), and reciprocals of linear 
combinations of eigenvalues of J at x , such that 

(1.108) F q>r (Z, Z') = J q ,.(Z, Z')P N (Z, Z'). 
Moreover, 

F ,o = P N , 

(1.109) F q ,r = 0, for q> 0,r < 2q , 

F q , 2q = {P N 2 P N - P N O 1 ^' 1 P N± O 1 P N ) q P N forq>0. 
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Proof. Recall that 7^ = (Sf t yv 0>t . By 033, P q ,t = ^ Ji A*(A - JS^)- x dA . Thus by 
OH> , (fL66b and Qj , 

(1.110) F gr = -L / X q g r (X)dX + -L 

7,5 27TZ 

From Lemma fT7T7l and dl.llOD . we get ( I1.109D . Generally from Theorems ll.4Lll.15l 
Remark [L5l dl.91D . d!.103D . dl.llOD and the residue formula, we conclude that F q>r 
has the form 11.1081 . □ 

From Theorems II. 15L fl. 161 ( I1.103D . dl.llOD and the residue formula, we can get 
F q ^ r by using the operators =Sf _1 , P N , P N , O k {k < r). This give us a direct method 
to compute F q>r in view of Theorem ll.151 In particular, we get 2 



F ! = - P N 1 ^ l P N - P N ^ x O x P N , 



'0 1 

7 o,2 / r, \ 



Ly [ (A _^ o) -ip^ (0i/i + 0a/o)(A) + i P iv (0i/i + 2/o ) (A) 



2vri 

(1.111) ^-ip^O^-ip^^p^ _ j^f-ip^^piv 



+ ro!^ 1 ?™ P - P N 2 ££^P N 

+ P N± Jf - 1 O 1 P N O 1 ^' - 1 P N± - p n o 1 j? - 2 p n± o 1 p n . 

1.6. Proof of TheoremlOl Recall that P 0j9iP = (A^ ) 9 P ,w p - By dl~26b . (fL27b . for 

d.112) iW^ z ') =r 2 "- 2 %-i(z)p 3)t (z/t,z'/t)«-l(z / ). 

By dl~24b . A1.112D . Proposition Q Theorems fTTBI and P8l we get the following 
main technical result of this paper, the near off-diagonal expansion of the general- 
ized Bergman kernels: 

Theorem 1.19. For k, m, m! e N, k ^ 2q, a > 0, there exists C > swc/i i/p ^ I, 

Z,Z'eT X0 X, \Z\,\Z'\ <a/^p, 

qH+W\ , 1 



(1.113) sup r (— P„ P (Z,Z' 



|a|+|a'|<m ' dZ a dZ' a \p r ' 
k 

r=2<j 



%f m ' (X) 

Set now Z = Z' = in Q1.113D . By Theorem Q8l we obtain (O and 
(1.114) b q , r (x ) =F q ,2r+2q (0,0). 

Hence dO.BD follows from dl.SID and dl.H4D . The statement about the structure of 
b qir follows from Theorems ll.15l and ll.18l To prove the uniformity part of Theorem 
10.11 we notice that in the proof of Theorem 11.101 we only use the derivatives of 
the coefficients of Jf t with order ^ 2n + 2m + m' + 2. Thus by dl.79l ). the constants 
in Theorems 11.101 11.121 and 11.131 are uniformly bounded, if with respect to a fixed 

2 The formula F ,2 in 1321 (20)] missed the last two terms here which are zero at (0, 0) if J = J, cf. 
Sectionl2~3l 
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metric g£ x , the ^ 2n + 2m+m '+ 4 - norms on X of the data (g TX , h L , V L , h E , \7 E , J and 
$) are bounded, and g TX is bounded below. Moreover, taking derivatives with 
respect to the parameters we obtain a similar equation as ( 11.65ft . where x e X 
plays now a role of a parameter. Thus the c ^ m '- norm in (11.113ft can also include 
the parameters if the C m '— norms (with respect to the parameter x e X) of the 
derivatives of above data with order ^ 2n + 2m + 2k + m' + 4 are bounded. Thus we 
can take C k j in ( 10.9ft independent of g TX under our condition. This achieves the 
proof of Theorem lO.il 



2. Computing the coefficients h 



q,r 



In principle, Theorem II. 151 the equations ( 11.1031 ). (11.1101 ) and the residue for- 
mula give us a direct method to calculate b QiT by recurrence. Actually, it is com- 
putable for the first few terms 6 g r in (10.91 ) in this way. This Section is organized 
as follows. In Section 12. 11 we will give a simplified formula for 2 P N without the 
assumption J = J. In Sections 12. 21 12.3L we will compute b Q)0 and 6 ,i under the 
assumption J = J, thus proving Theorem 10.21 

In this Section, we use the notation in Section 11.41 and all tensors will be eval- 
uated at the base point x e X. Recall that the operators Oi, 2 were defined in 
(OOb . 



2.1. A formula for 2 P N . We will use the following Lemma to evaluate b q>r in 
d0~9b . 



Lemma 2.1. The following relation holds: 

2 P N = {\b ibj (l? x (K, £)K, J-) + \h £ (d"R L ) X0 (K, 



(2.1) 



4 L 



R 



TX( d d 



dzi ' dzi ' ' dzj 



R TX (n 



M=2 

_d_)JL _JL 

dzi ' dzi ' &Zj 



+ R E (n,i-)b 



(V x V x J\ n ^ 4) + 4 £-)JL, £-) }p x 



^ (R TX {n,£-)n,-^: 



l \{y x jW-Y,^ a r) x ,— •!•)/• 

M=2 



9 



ft! 



jV 



Proof. Set 



M=2 



(2.2) 



_ JL 

2 m 



J2(d a R L U(n,i- 

\a\=2 



z a 



H=2 



2 82 



3 x <*(^4)^4)^ 



F? TX (1? JL\JL _JL 



T>TX(<j7 _d_\JL _JL 

•"-ojo dzj 9z^ dzj 
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From (OOb . (fL80b . (OBI dl~86b . dl~94b . d^2b . and since J is purely imaginary, 



C 2 = h + h - 



1 



d 



d 



+ 



R TX (7Z, i-)TZ, » ) (-26,6+ - 2a,%) + (i^fa £-) 6+6+ 



(2.3) 



+ g(^(7e, e ,)e, ) 4)-(i^(^ 



1X0 



\a\=2 



a l 



+ R E )CJZ, 



bt 



+ gl(V^)^| 2 - ^(^r)^— + $ 



\a\=2 



In normal coordinates, (V^. x e-,) Xo = 0, so from dl.32D . at x , 



(2.4) 



V e ,V ei (Je k ,ei) = {(V x V x J)e k + J(% x Vi x e k ), ei ) + (Je k , V^V^e, 
(V*V£.7)e fc , e,) - - (i? TX (e i; ei )e fc + ^(e,-, e k )e h Je t ) 



+ -(R- x (e j ,e i )e l + R- x (e j ,e l )e i ,Je k ) 



From (fl~94b . d2T4b . 



(2.5) H= 2 



Thus 

(2.6) ^(^i^foe,) 

[a|=2 



= \ {{V X V X J\n,n)n, e,) + i (i? TX (ft, JT^ft, e,> . 



From (OBI CHI), (Q> and CH), we know that 

h = \h^ a R% in^^ 

\a\=2 

<2 ' 7) + T2 [k{ RT *^ n > JK > n >^- AiW^WM 



1 

+ 1 



d I I^X^lX rr\ T> d\ d I CTlX^iX n-\ -r> B 



The definition of V X V X J, R TX and (fl~93l imply, for 17, V, W, Y e TX, 

(R TX (U, V)W, Y) = (R TX (W, Y)U, V) , 



(2.8) 



R 1 (U, V)W + R 1X (V, W)U + R 1X (W, U)V = 0, 
(V x V x J) (uy) - (V x V x J) {v ,u) = [R TX (U,V),J], 

((V x V x J) (Y ,u)V, W) + ((V x V x J) ( y,v)W, U) + ((V x V x J) (YtW) U, V) = 0. 
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Note that J, (V x V x J) {Y ,u) are skew-adjoint, by (02b and d2~8l) . 



(2.9) 



2(v x v x j) ( k,k)£- + 2(v A v A j) j_n + 



ft), J 



{2(v x v x j)^j_^n + 



r,TX( 9 



4 ((V* V x J) in ,n)£-, A) + (2a lR TX (n, £)U - R TX (K, JK)&, J- 
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£ (R TX (n,jn)n, £-)-£- (R TX (n,jn)n, £- 



= 2 (R TX (K, JK)&, £) + 2a, (R TX (K, £- 



3 ( J^fc, J-) + 2a, ^ ) . 



Thus by (l2~7b-d2~9l). 



(2.10) Jj = ±6, £ (d a R L ) X0 (n, JL)^ + ((V^ 



|a|=2 



9 _9_ 



2 
— < 

3 



Now by (06b . d2~2b and d2T8b . 



(2.11) J 2 



3 3 



> dzi ' 95^ ' ' &z 



+ -b i b j {R^{n^)n^ ] 



4 

+ 3 



V dzi ' cJzi / dzj ' 92j 



RTXr 9 JL)JL _A 

g \ \ dzj ' / ' dzj 



ftTX, 9 _d_\_d_ _9_ 

V dzj ' / dzi ' 92,- 



r>TX(_d_ _9\"7? 9 \ / f? TX (T? JL\JL _JL 

1 92, ' 92, J /V ' 92, / \ JX V /V ' 92i / 92i ' 92, 



- 92i ' 92i 

Finally (fL87b . (fL98b . d2~3b . d2~10b and d2~TTb . yield d2~Tb . 



+ J feiftj (iF*(ft, J-)ft, 4) + 4 4)^, 



92" , 



□ 



From CH, 033, 033, Q3H and ED, follows 



(2.12) F W = J^= (2H"(A„fe)+4(rf-»( J J r 



-1 



. ' Tr^x I V V (JJ) 
4 1 V / (7e,7e) 



+ g l(V^| 2 + - {(V X J)TZ, £-) {(V X J)K, i-))P 
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2.2. The coefficients 6 g • I n the rest of this Section we assume that J = J. A 
very useful observation is that ( I1.93D . dl.95D imply 

J = — 27TV 7 — and a, = 2-n in ( I1.82D . r = 2™. Vjf J is skew-adjoint 

(2 13) 

and the tensor <(V X J)-, •) is of the type (T*W> X)® 3 © ( T *(o,i)x)® 3 . 

Before computing 6 9)0 , we establish the relation between the scalar curvature r x 

and |V X J| 2 . 

Lemma 2.2. 

(2-14) r * = 8 (R TX (£-, £:)£:, J-) - \\V X J\ 2 . 

Proof. By d2~13l . 

(2.15) |V*J| 2 = A((V X 9 J)ej, (V x 9 J)e 3 ) = s((V x d J)J-, (V x d J) 



dzj ' v o ' dzj 

By Ol, fT531 and 

(2.16) {(V^J)i;, (Vi. J)%) = 2((Vi J) A, 5t)((Vi_ J) ^ 
By EE> and EB, 

(2-17) ((ViJ)i,(ViJ)J 7 ) = l|V-J| 2 . 

Now, from ( I1.95D . we get 

(2.18) (V X V X J) {uy) J + (V£J) o (Vy J) + (VyJ) o (V#J) + J(V X V X J) (IW = 0. 
thus from <|2U>, d2~T31 ) and d2TT51> . for u 1? u 2 , w 3 e T^X, ui, v 2 e T^X, 

(2 19) (VXyX J)(U1 ' U2)M3 ' ( vXvXj )(^^) M 3 e T^X, (V X V X J) ( ^ 2) U3 e T^X, 
2v / ^T<(V x V x J) {ui ^ l)M2 ,I; 2 > = <(V£ J)«2, (V* J)U 2 > • 

Formulas (Q and d2~T9l yield 

(2.20) ((V x V x J) (uil(lfl) t;i,« 2 > = -<(V x V x J) (ui>IJl) I; 2 , M2 > - ((V^V 1 /)^^)^,^) 

1 
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From <|2l§, d2~T7b and d^20b . we deduce 



(2.21) ( R TX (g Zi , ^ ) oli' 4j ) _ 2 (j^^dl ' 92j ;)' ^1 &Zi ' 0I7 



i<(v|^,(v|/)4>4|v^. 



The scalar curvature r x of (X, g TX ) is 

r* = - {R TX {e^e 3 )e^e 3 ) = -4 (p rx (|-, e,) e, 
(2.22) X 

_ 8 / ¥f TX ( 9 JL~\JL _ 8 / R TX (JL JL 



\ - dZi ' tfej / &Zi ' 3Zj / \ ' ' C?Zj 

In conclusion, relations ( I2.21D and ( I2.22D imply ( I2.14D . □ 
From dl.97D and A2.13D we know 



(2-23) O l = -bi {{V*J% J-) - - ((Vf jTjz, 4) 6+. 

Hence by (fL86b . Qj , d2~13b and d2~23l . 

(o.p^z, z>) = 2 - (&, (<y*j)z, J-) p n ) (z, z>) 
(2 ' 24) =|{ (^<(v &) + &< ((vjj)*, 4))^, n 

By Theorem OBI (fL99b and d2~24b . we have 

(2.25) (J^P^dP^X^Z') 

- 1{ ((vi W A) + £ <(V#-7)*, *) ) J"}(Z, *), 



2 



OH), CH, OB , d2~23l> and d2~25l) imply 

(2.26) |(((Vf^ l ^)6^ 1 P JvX O 1 P JV )(Z,Z0 = |{((VfJ)^&) 



x 



Jr + + ((VJ J)*, 4)) P"} (Z,#) 

y7r \ dzi / \ &Zi 9z k 



P N \ (Z, Z') 



28 XIAONAN MA AND GEORGE MARINESCU 

Thanks to (fl~95l) . (fl~98b . d2~13l) . d2~15b and d2~16b we obtain 



(2.27) 



(SnJ)K- P (Z,Z') 



57T 



;(vfj)z,(v#j)^>p^(z,z') 



57T 



6,: 



4vr 2 



a?. 



9zi 



ri", 



+ 



(V A , J)z + (Vf J)£, (V A a J) J- + (V A a J) jg- 



0^2 \ v * 



d 



1 

7T 



(V* a J> + (Vf J)£, (V* a J)z' + (V#J) £ 



r>2 , 



+ <(Vf J)z, (V^) + ^1 V* J| 2 ] P w } (Z, Z' 



Taking into account <E3, d2~19b and ( [R TX {z, z), J]£r, ) = 0, we get 



(2.28) ((V A V A J) (7 ^, J-) = ((V A V A J) (z , 2 )^- + (V A V A J) ( ^)^, J- 



l((VfJ)4,(V#J)J: 



From OBJ), < !2TToT > and <HHE>, 



(2.29) < (V*V*7W)&, J-) P N {Z, Z>) = -2VT ((Vf J)&, (Vf J) J-) P^Z, Z') 

= -a I r{((vfJ)i,i(viJ)A + (v#J) 3 fe)p w }(z,zO 



(92,' 



P^fZ, Z') 



Recall that the polynomial J q ,2 q {Z, Z') was denned in ( I1.108D . From J J = 2n\f^l, 
<fl~99b . d2~12b . and d2~2§l )-( l2T29b . J lj2 (Z, Z') is a polynomial on z,z', and each 

monomial of J\ 2 has the same degree in 2 and zf; moreover 



(2.30) 



1 

24' 



J li2 (0,0) = ^r|V x J|l + 2Pf ' 9 9 



x \ dz; ' dzi 



) + $ 



Using J1.91D . ( I1.109D and the recurrence, we infer that each monomial of J ?)2g has 
the same degree in z and z', and 

(2.31) J g , 2g (0,0) = (J li2 (0,0)) 9 . 

In view of ED , (fi~T08b . (I1.114D . d2T30b and d2~3ll we obtain dOTTl) . 



2.3. The coefficient 6 ,i- % EH1> , we need to compute P , 2 (0, 0). By (EM) and 
( I2.25D . we know that 



(2.32) 



(C 1 P 7V )(Z,0) = 0, (J^P^ O 1 P N )(0,Z r ) = 
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Thus the first and last two terms in dl.lllD are zero at (0, 0). Thus we only need 
to compute -(^ 1 P N± O 2 P N )(0, 0), since the third and fourth terms in 11.111) are 
adjoint of the first two terms by Remark fl. 51 

Let hi{z) and f%j{z), — 1, • • • ,n) be arbitrary polynomials in z. By Theorem 
OBI <06b . OB and JT98b . we have 



(6^^(0,0) = -2^(0), (bibjfijP^M = 4 



dh 



(2.33) 



dz. 



d 2 h 
dzidzj 



(0), 



1 «9 2 /, 



ij 



2tt dzidzj 



(0). 



Owing to Theorem OBI dSTTBl d2~T7b . d2~27b and d2~33b . 



(2.34) 



;(^ n - 1 p ArX 



(V X J)7Z P N (0,0) 



6i6 



9 L32tt 



'(V*7)z,(V* a J) J, 



•57T 



+£<(V A a J)^ + (V-J)4,(V^J)4 + (V^J)J-) P^(0,0) 



r)z i 



9zi 9z,- (?2i c?2i 



167T 



V X J| 2 , 



and by Theorem OBI d2~29b and d2~33b . 



(2.35) - (jS^P^ ((V'V^^,^,^) J^)(0,0) 

= (^<(vf^(v^A>^)(o,o) = -^|v'j 

<JZj 



Observe that by ( I1.98D . for a polynomial (7(2:) in 2, the constant term of -pw^\g{z)P 
is the constant term of (£) a g. Thus in the term -£ > ~ 1 P N± 2 P N , by (flT98b . the 
contribution of ^| Q | =2 (^ a ^ L )a;o(^; ~§f)l£ * n ^ 2 cons i s ts of the terms whose total 
degree of 6, and Zj is same as the degree of z. Hence we only need to consider 
the contribution from the terms where the degree of z is 2. By 02.61 ). 02.13D . ( I2.19D . 



d2~20b and ( [A 



?TX, 



z,z 



_8_ 



0, this term is 



(2.36) h 



(\7 x V x J) (z , z) z+ (V A V A J) (2 ,^ + (V x V x J) {z , z) z, J- 



iX^iX 



X^iX 



+ - (R 1 A (z, Jz)z + R 1X (z, Jz)z : £ 



— bi 
4 



(V x J)z,3(V x J)£- - (V x d J)z) + ~ <P 



(Fx, 



^' dzi 
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Therefore, from (fL98b . d2T8b . d2T7b . <l2~33l) and d^36b . we get 

-4 



(2.37) 



se^p N hP N (o,o) 



1 6,- 



+ ((Vf J),,3(V^J)|- - (ViJ)4)]^}(0,0) 



ftTX/ d _d_)JL _|_ ftTXr_d_ _d_)JL _JL 

2 \ ^ C?2j ' 9z"j ' C?2i V dZi ' (?2j ' 92j ' dzi 



167T 



+ ((Vi J)% + (V^ J)4,3(V^J)J- - (V^J)J- 

dzi dzj &Zi &Zj 

5 i v ,iO 1 



1927T 



gyj- \ ^ ( dzi ' (?2j ) dzj ' 9z 7 - ) 



Thanks to (fL98b . d2~2ll) and d2T33b we have 

(2.38) i (p^ (r tx (iz, i-jn, J-) P") (0, 0) 



p 



AT 



fl™T/ _9_N^_ , R TX(_d_ _d_) z d 



1 

37 



R 



Tx ( _d_ a \ a I rtxs a _a_\_a_ _a 

dzj ' dzi ' d~Zj v 92j ' 9zi ' 9zj ' <?z ; 

1 



|V X J| 2 



96vr 



f>TX/_a_ _a_\_a_ _a_ 

\ ' ' dzj ' ctei 



By d2A3b . d2~33l) . (EM, (EHU), d2T37b . (EH), and the discussion above (EM, 



(2.39) 



%z P OiP ) (0,0) 
6o 



24tt 
P 



P TX (z 



' «*i ' ' «*j / ' 47T v ' 



' 9zi / ' 92,' 



P*}(0,0) 

+ i (p^ (p^(7e, £-)n, i-) p n ) (o, o) - [^p n± i 3 p n ) (o, o) 



; / r>TX/_a_ _a_\_a_ , r>TX(_a_ JMJL _JL\ _l _£> e (A- _JLi 

c-X""- ydZii dzi> dzj ^~ ^ \dzji ml dzi' dzj / ^ 2n { ~dz i -'dzi> 



1 

67T 

2 



1 

2^r 



RTXraajaa 



- r>TX(_a_ _a_\_a_ _a_\ , _}_pE(j_ _a_\ 

" » \ d*i> 83i' dzi' 82i/ ^~ 2n ^dz t > dzj' 



Formulas ( I2.14D . ( I2.39D and the discussion at the beginning of Section 12.31 yield 
finally 



(2.40) 



M* ) = F o, 2 (0,0) = - (^0-^^0^(0,0) - ^ - 1 P N± O 2 P N )(0,0) 



8tt 



The proof of Theorem l0.2l is complete. 
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Remark 2.3. In the Kahler case, i.e. J is integrable and L, E are holomorphic, then 
Oi = 0, and the above computation simplifies a lot. 

3. Applications 

In this Section, we discuss various applications of our results. In Section 13. 1L 
we study the density of states function of A P) $. In Section l372l we explain how 
to handle the first-order pseudo-differential operator D b of Boutet de Monvel and 
Guillemin [13] which was studied extensively by Shiftman and Zelditch ||39]. In 
Section IB~3l we prove a symplectic version of the convergence of the Fubini-Study 
metric of an ample line bundle [431. In Section l3~4l we show how to handle the 
operator d + d when X is Kahler but J / J. Finally, in Sections 13.51 13. 6L we 
establish some generalizations for non-compact or singular manifolds. 

3.1. Density of states function. Let (X,u) be a compact symplectic manifold 
of real dimension 2n and (L, V L , h L ) is a pre-quantum line bundle as in Section 
KB Assume that E is the trivial bundle C, $ = and J = J. The latter means, 
by dQ. ID . that g TX is the Riemannian metric associated to uj and J. We denote by 
vol(X) = J x ^£ the Riemannian volume of (X,g TX ). Recall that d p is defined in 
(EH. 

Our aim is to describe the asymptotic distribution of the energies of the bound 
states as p tends to infinity. We define the spectrum counting function of A p := A P)0 

by N P (X) — # {i : X ijP < A} and the spectral density measure on [—Cl, C l ] by 

(3.1) u * = Tl\ Np ^' Ag ["^'^]- 

Clearly, u p is a sum of Dirac measures supported on Spec A p n [—Cl, Cl}. Set 

(3.2) q : X — > R , g( x ) = 1-\V X J\ 2 . 

Theorem 3.1. The weak limit of the sequence {v p } p ^i is the direct image measure 

o* ( — - . — ), that is, for any continuous function f e ^([—Cl, Cl]), we have 
Vvo1(a) n! / 

/Cl i r w n 

fdl/ p = —uV\ / (/°e)-T • 
_c L vol(A) J x n\ 



Proof By dO, we have for q ^ 1 (now E is trivial): B q>p (x) = T,t=iK, P \S; 
which yields by integration over X, 



p <x) 



(3.4) j f B q>p dv x = jY 4 X l = I " X " dv vW , 

V JX V i = \ J—Cl 

since Sf have unit L 2 norm. On the other hand, H0.6D . ( I0.9D entail for p — > oo, 



(3.5) — / Bq„dv x = -r / &(7,o^x + 



7x "p ^p 



vol(X) 



gUvx + ftp- 1 ). 



x 
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We infer from dl> and {33 that Q holds for /(A) = X q , q ^ 1. Since this is 
obviously true for /(A) = 1, too, we deduce it holds for all polynomials. Upon 
invoking the Weierstrass approximation theorem, we get 03.3D for all continuous 
functions on [— C L , C L \. This achieves the proof. □ 

Remark 3.2. A function g satisfying d3.3D is called spectral density function. Its 
existence and uniqueness were demonstrated by Guillemin-Uribe B27B . As for the 
explicit formula of g, the paper [111 is dedicated to its computation. Our formula 
(HO) is different from JTT1 Theorem 1.2] 3 . 

An interesting corollary of ( 13. 2D and d3.3D is the following result which was first 
stated in (ill Cor. 1.3]. 

Corollary 3.3. The spectral density function is identically zero if and only if(X, u, J) 
is Kahler. 

Remark 3.4. Theorem 13 . II can be slightly generalized. Assume namely that J = J 
and E is a Hermitian vector bundle as in Section |0] such that R E = n <g) Id E , $ = 
(p ld E , where r\ is a 2-form and (p a real function on X. Then there exists a spectrum 
density function satisfying (13. 3D given by 

(3.6) g : X — > K , g(x) = ^|V X J| 2 + ^vfa, Je 3 ) + <p . 

The proof is similar to the previous one, as Tr Ex B q ^(x) = Ylt=i K, P \Sf ( x )\ 2 - 

3.2. Almost-holomorphic Szego kernels. We use the notations and assump- 
tions from Section l3~Tl especially, J = J. Then r = 27m. 

Let Y — {u G L*, \u\ h L* = 1} be the unit circle bundle in L*. Then the smooth sec- 
tions of L p can be identified to the smooth functions ^°°(Y) P = {/ E ^°°{Y, C); f(ye ie ) 
— e ip9 f(y) for e ie G S 1 , y G Y}, here ye 10 is the S l action on Y. 

The connection V L on L induces a connection on the S 1 -principal bundle n : 
Y —y X, and let T H Y c TY be the corresponding horizontal bundle. Let g TY = 
n*g TX © d9 2 be the metric on TY = T H Y © TS 1 , with d9 2 the standard metric on 
S 1 = R/2-kZ. Let Ay be the Bochner-Laplacian on (Y, g TY ), then by construction, it 
commutes with the generator d e of the circle action, and so it commutes with the 
horizontal Laplacian 

(3.7) A h = A Y + d 2 6 , 

then A h on ^°°{Y) P is identical with A LP on IP) (cf. (lOl §2.1]). 

In Oil Lemma 14.11, Theorem A 5.9], O, E3 (3.13)], they construct a self- 
adjoint second-order pseudodifferential operator Q on Y such that 

(3.8) 7 = A h + V^lrde - Q 

3 In 1111 (3.7)], the leading term of G 0j should be k" 1 / 2 ^ 1 ' which was missed therein, as the 
principal terms of Jj, g|j are 9o, T-di by ITT1 equation after (3.11)]. Now, from ITT1 (3.5)], bj is 
\{Jz, Tjdi). Thus C in (TTJ (3.8)] is incorrect. HU Theorem 1.2] is g{x) = -^|V X J| 2 . 
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is a self-adjoint pseudodifferential operator of order zero on Y, and V, Q commute 
with the 5 1 -action. The orthogonal projection II onto the kernel of Q is called 
the Szego projector associated with the almost CR manifold Y. In fact, the Szego 
projector is not unique or canonically denned, but the above construction defines 
a canonical choice of II modulo smoothing operators. In the complex case, the 
construction produces the usual Szego projector II. 

We denote the operators on L p ) corresponding to Q, V, II by Q P ,V P , Il p , 

especially, V p (x,y) = ± e'^V (xe iB , y)d6. Then by ( ET8l ). 

(3.9) Q p = A LP -pr- V p . 
By 11271 §4], there exists \L\ > such that for p large, 

(3.10) Spec Q p C {0} U [flip, +oo[. 

Since the operator V p is uniformly bounded in p, naturally, from ( I0.5D . ( I0.6D . we get 

(3.11) dim Ker Q p = d p = [ Td(TX) ch(L p ). 

Jx 

Now we explain how to study the Szego projector il p 4 . This can be done from our 
point of view. Recall F is the function denned after HI. 4D . Let U p (x, x'), F(Q p )(x, x') 
be the smooth kernels of U p , F(Q P ) with respect to the volume form dv x {x'). 

Note that V p is a 0-order pseudodifferential operator on X induced from a 0-order 
pseudodifferential operator on Y. Thus from ( I3.9D . ( I3.10D . we have the analogue of 
IfLSl Proposition 3.1] (cf. Proposition I1.2D : for any l,m e N, there exists C^ m > 
such that for p > 1, 

(3.12) \F(Q p )(x,x') - U p (x,x')\ Vm(XxX) *C C l;mP - 1 . 

By finite propagation speed [42, §4.4], we know that F(Q p )(x,x') only depends 
on the restriction of Q p to B x (x, e), and is zero if d(x,x') ^ e. It transpires that 
the asymptotic of U p (x, x') as p — > oo is localized on a neighborhood of x. Thus 
we can translate our analysis from X to the manifold IR 2n ~ T XQ X =: X as in 
Section fL2l especially, we extend V L to a Hermitian connection V if) on (L , h L °) = 
(X x L xo , h Lx o) on T X0 X in such a way so that we still have positive curvature R L °; 
in addition R L ° = R^ o outside a compact set. 

Now, by using a micro-local partition of unity, one can still construct the opera- 
tor Q Xo as in OH Lemma 14.11, Theorem A 5.9], d, Ml (3.13)], such that V x ° 
differs from V by a smooth operator in a neighborhood of 0. On X , and Q x ° still 
verifies ( I3.10D . Thus we can work on <*f °°(X , C) as in Section fL3l We rescale then 
the coordinates as in ( I1.27D and use the norm ( I1.38D . The V x ° is a 0-order pseu- 
dodifferential operator on X induced from a 0-order pseudodifferential operator 
on Y . This guarantees that the operator rescaled from V Xo will have the simi- 
lar expansion as dl.29D with leading term t 2 R 2 in the sense of pseudo-differential 
operators. 

4 As Professor Sjostrand pointed out to us, in general, n p — P , P is not ff{p~°°) as p —> oo, where 
Po,p is the smooth kernel of the operator A . p (Definition II. H . This can also be seen from the 
presence of a contribution coming from $ in the expression i0.9l of the coefficient 6q,2- 
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From dU) and CHI (3.89)], similar to the argument in (HI Theorem 3.18], we 
can also get the full off diagonal expansion for n p , which is an extension of 1 39, 
Theorem 1], where the authors obtain J3.13D for \Z\, \Z'\ < C/y/p with C > fixed. 
More precisely, recalling that P N is the Bergman kernel of J*f as in ( I1.81D . (11.91ft 
we have: 

Theorem 3.5. There exist polynomials j r (Z, Z') (r ^ 0) ofZ, Z' with the same parity 
with r, and j = 1, C" > such that for any k, m, m! G N, there exist N G N, C > 
such that for a, a' G Z 2n , \a\ + \a'\ < m, Z,Z' G T X0 X, \Z\, \Z'\ ^ e, x G X, p > I, 



(3.13) 



dZ a dZ 



ICC 




J2(irP N )(VpZ,VP z ')^Hz)^Hz')p-^ 

r=0 



V m ' (X) 



<; Cp -( k+ i-m)/2 {1 + j^ Z | + l^pz'lf eM-VC^iVP\Z ~Z'\) + 

The term «r 2 in ( I3.13D comes from the conjugation of the operators as in dl. 113D . 
e £ m ' (X) is the -norm for the parameter x G X, and we use the trivializa- 
tions from Section [T721 the term &(jp ~°°) means that for any /, li G N, there exists 
Ci ih > such that its ^-norm is dominated by C^ijT 1 . We leave the details to the 
interested reader. 

3.3. Symplectic version of Kodaira Embedding Theorem. Let (X,u) be a 

compact symplectic manifold of real dimension 2n and let (L, V L , h L ) be a pre- 
quantum line bundle and let g TX be a Riemannian metric on X as in Section |0l 

Recall that H p c L p ) is the span of those eigensections of A p = A LP — rp 

corresponding to eigenvalues from [—Cl,Cl\. We denote by FH* the projective 
space associated to the dual of H p and we identify P7i* with the Grassmannian 
of hyperplanes in H p . The base locus of H p is the set B\(H P ) = {x G X : s(x) = 
for alls e H p }. As in algebraic geometry, we define the Kodaira map 

$ p : X \ Bl(Wp) — > PK 
(3.14) p 

$ p (x) = {s£ : s(x) = 0} 

which sends x G X \ B1(W P ) to the hyperplane of sections vanishing at x. Note 
that Hp is endowed with the induced L 2 product dl. ID so there is a well-defined 
Fubini-Study metric gps on VH* with the associated form u FS . 

Theorem 3.6. Let (L, V L ) be a pre-quantum line bundle over a compact symplectic 
manifold (X, to). The following assertions hold true: 

(i) For large p, the Kodaira maps $ p : X — ► FH* p are well defined. 

(ii) The induced Fubini-Study metric -$*(ujfs) converges in the t? 00 topology to 
uj ; for any I ^ there exists C\ > such that 



(3.15) 

(iii) For large p the Kodaira maps $ p are embeddings 



p v 



V p 
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Remark 3.7. 1) Assume that X is Kahler and L is a holomorphic bundle. Then A p 
is the twice the Kodaira-Laplacian and H p coincides with the space H°(X,L P ) of 
holomorphic sections of L p . Then (i) and (hi) are simply the Kodaira embedding 
theorem. Assertion (ii) is due to Tian 11431 Theorem A] as an answer to a conjecture 
of Yau. In [43] the case / = 2 is considered and the left-hand side of 03. 15D is 
estimated by Q/y/p. Ruan [ 38] proved the convergence and improved the 
bound to Ci/p. Both papers use the peak section method, based on L 2 -estimates 
for d. A proof for I = using the heat kernel appeared in Bouche II 1211 . Finally, 
Zelditch deduced (ii) from the asymptotic expansion of the Szego kernel II47II . 

2) Borthwick and Uribe HOI Theorem 1.1], Shiffman and Zelditch (HS Theo- 
rems 2, 3] prove a different symplectic version of 11431 Theorem A] when J = J. 
Instead of H p , they use the space H%X,Lp) := Im(LT p ) (cf. QZB p.601], (HI §2.3], 
A3 .2D of 'almost holomorphic sections' proposed by Boutet de Monvel and Guillemin 
(H, d. 

Proof. Let us first give an alternate description of the map $ p which relates it to 
the Bergman kernel. Let {Sf}^ be any orthonormal basis of H p with respect to 
the inner product (II. 1ft . Once we have fixed a basis, we obtain an identification 

H p = H* p = C d p and VH* p = CP*"- 1 . Consider the commutative diagram. 

X\B\(H P ) -^-> FH* p 

(3.16) 

x \ B\{n p ) -^-> cp^- 1 

Then 

(3.17) %(u FS ) = n(^dd\ogJ2\ Wj \ 2 ), 

where [wi, . . . ,Wd p ] are homogeneous coordinates in CP dp l . To describe $ p in a 
neighborhood of a point x e X \ Bl(H p ), we choose a local frame e L of L and write 
Sf = ffef p for some smooth functions ff. Then 

(3.18) %{x) = [fl{x)-...-f dv {x)l 

and this does not depend on the choice of the frame e^. 

(i) Let us choose an unit frame e L of L. Then \Sf | 2 = \ ff | 2 |ez,| 2p = \ ff | 2 , hence 

dp dp 
i=l i=l 

Since 6 ,o > 0, the asymptotic expansion 0O.9D shows that B 0iP does not vanish on 
X for p large enough, so the sections {Sf}^ have no common zeroes. Therefore $ p 
and $ p are defined on all X. 

(ii) Let us fix x e X. We identify a small geodesic ball i? x (x ,e) to B Tx o x (0,e) 
by means of the exponential map and consider a trivialization of L as in Section 
11.21 i.e. we trivialize L by using an unit frame e L (Z) which is parallel with respect 



Id 



36 XIAONAN MA AND GEORGE MARINESCU 

to V L along [0, 1] 3 u — ► uZ for Z e B Tx o x (0,e). We can express the Fubini-Study 
metric as 



2tt 



-aa log (y^ 

3=1 



Wj 



2tt 



\'W 



-|2 ^ A 



dp 



and therefore, from ( I3.18D . 



(3.19) %(oo FS )(xo) 



2tt 



If 



i,fe=i 



{x ) 



2tt 



[/ p (x , x ) 1 d x d y f p {x, y) - f p (x , x ) 2 d x f p (x, y) A dj^z, y)] U 



where /*>(x,y) = YZx fiWffiv) and |/^)| 2 = f p {^*)- Since 
(3.20) Po, P (x,y) = f p (x,y)e p L (x) ® e£(y)*, 

thus P , p (x,y) is f p (x,y) under our trivialization of L. By dl.31D . Theorem dl. 18D . 
and dl.1131 ). we obtain 



(3.21) -$;(u FS )(x ) 



2tt 
4 1 



-^0,0 

1 



d x dyFQn 



F 2 



d x F 0fi Ad y F 0fi (0,0) 



F 2 



2tt y/p 

Using again ( I1.91D . ( I1.109D . we obtain 



(rfx-^b,i A d y F fi + d x F 0t0 Ad y F OA )\(O,O) + 0(l/p). 



1 v^T n 

(3.22) - $;(cj FS )(a; ) = Z—^ajdzj A tfe^ + (l/p) = u{x ) + ^(l/p), 

and the convergence takes place in the ^' 00 topology with respect to x el, 

(iii) Since X is compact, we have to prove two things for p sufficiently large: 
(a) $ p are immersions and (b) $ p are injective. We note that (a) follows immediately 
from d3~15b . 

To prove (b) let us assume the contrary, namely that there exists a sequence 
of distinct points x p ^ y p such that $ p (x p ) = $ p (y p ). Relation ( I3.16D implies that 
<&p(x p ) = $ P (y P ), where <f> p is defined by any particular choice of basis. 

The key observation is that Theorem 11.191 ensures the existence of a sequence 
of peak sections at each point of X. The construction goes like follows. Let x e X 
be fixed. Since $ p is point base free for large p, we can consider the hyperplane 
$ p (x ) of all sections of H p vanishing at x . We construct then an orthonormal 
basis {S p }^ of H p such that the first d p — 1 elements belong to $ p (x ). Then S p p is 
a unit norm generator of the orthogonal complement of $ p (x ), and will be denoted 
by S P Q . This is a peak section at x Q . We note first that \S p (xo)\ 2 = B QtP (x ) and 
P 0tP (x,x ) = S p (x) ® S p (x )* and therefore 

(3.23) S* (x) = — i_p 0iP (x,x ) " S p (x ). 

£>0,p{ X 0) 
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From dl. 113D we deduce that for a sequence {r p } with r p — > and r px /p — > oo, 
(3.24) f \S p XQ (x)\ 2 dv x (x) = l-0(l/p), forp^oo. 

J B(x ,r p ) 

Relation (I3.24D explains the term 'peak section': when p grows, the mass of S% 
concentrates near x . Since & p {x p ) = $ p (y p ) we can construct as before the peak 
section S^ p = S? p as the unit norm generator of the orthogonal complement of 
®p{x p ) = $ p {y p ). We fix in the sequel such a section which peaks at both x p and y p . 

We consider the distance d(x p , y p ) between the two points x p and y p . By passing 
to a subsequence we have two possibilities: either y/pd(x p , y p ) — ► oo as p — ► oo or 
there exists a constant C > such that d(x p , y p ) < C/y/p for all p. 

Assume that the first possibility is true. For large p, we learn from relation 
( 13.24ft that the mass of S% p = S^ p (which is 1) concentrates both in neighborhoods 
B(x p ,r p ) and B(y p ,r p ) with r p = d(x p ,y p )/2 and approaches therefore 2 if p — > oo. 
This is a contradiction which rules out the first possibility. 

To exclude the second possibility we follow [ 39 1. We identify as usual B x (x p ,e) 
to B Tx p x (0,e) so the point y p gets identified to Z p / ' yfp where Z p e B Tx p x (0, C). We 
define then 



(3.25) f p : [0, 1] — ► R , f p (t) 



\S* p (tZ p /Jp)\* 

B 0,p( tZ p/ VP) 



We have f p (0) = f p (l) = 1 (again because S% = S?) and f p (t) ^ 1 by the definition 
of the generalized Bergman kernel. We deduce the existence of a point t p e (0, 1) 
such that f' p \t p ) = 0. Equations 11.1131 . d3~23b . d3~25b imply the estimate 

(3.26) f p (t) =e-^ a ^ 2 {l + g p (tZ p )/^) 

and the ^ 2 norm of g p over B Tx p x (0, C) is uniformly bounded in p. From 03.26D . 
we infer that \Z P \$ := \ a j\ z P,j\ 2 = ^(^/Vp)- Using a limited expansion e x = 
1 + x + x 2 (p(x) for x = t 2 \Z p \l in J3.26I ) and taking derivatives, we obtain f p {t) = 
-2\Z P \ 2 + 0(\Z P \§ + G(\Z p \lly[p) = (-2 + ff{l/y/p))\Z p \l Evaluating at t p we get 
= fp(t p ) = (—2 + &(l/y/p))\Z p \l, which is a contradiction since by assumption 
Z p 7^ 0. This finishes the proof of (hi). □ 

Remark 3.8. Let us point out complementary results which are analogues of IfTOl 
(1.3)-(1.5)] for the spaces H p . Computing as in (13.19ft the pull-back §*h F s of the 
Hermitian metric h FS = Qfs — V—^^fs on FH p , we get the similar inequality to 
03.15D for g FS and uj(-,J-). Thus, $ p are asymptotically symplectic and isometric. 
Moreover, arguing as in II 101 Proposition 4.4] we can show that $ p are 'nearly holo- 
morphic' : 

(3.27) -||<9$J|^C, - \\d%\\ = 0(l/p) , forsomeC>0, 

p V 

uniformly on X, where || ■ || is the operator norm. 
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3.4. Holomorphic case revisited. In this Section, we assume that (X, lu, J) is 
Kahler and the vector bundles E, L are holomorphic on X, and V s , V L are the 
holomorphic Hermitian connections on (E, h E ), (L, h L ). As usual, ^^-R L = 

But we will work with an arbitrary {non-Kahler) Riemannian metric g TX on TX 
compatible with J. That is, in general J ^ J in JQ.lt . The use of non-Kahler metrics 
is useful for example in Section IBT61 Set 

(3.28) G(X, Y) = g TX {JX, Y). 

Then the 2-form need not to be closed (the convention here is different to (21 
(2.1)] by a factor -1). We denote by T^X, T^X the holomorphic and anti- 
holomorphic tangent bundles as in Section fl~4l Let {e^} be an orthonormal frame 

of(TX,g TX ). 

Let g TX {-, •) := uj(-, J ) be the metric on TX induced by u, J. We will use a sub- 
script uj to indicate the objects corresponding to g^ x , especially r x is the scalar 
curvature of (TX,g TX ), and A w is the Bochner-Laplace operator as in (I1.2D associ- 
ated to g^ x . 

Let d L ® '* be the formal adjoint of the Dolbeault operator d L ® E on the Dol- 
beault complex fl°>*(X, LP ® E) with the scalar product induced by g TX , h L , h E as 
in O. Set D p = V2(d LP ® E + d LP ® E >*). Then D 2 p = 2(f 9E B l '* B '' + tf™ E f* E ) 
preserves the Z-grading of tt°'*(X, LP ® E). Then for p large enough, 

(3.29) Ker D p = Ker D 2 p = H°(X,L P ® E). 

Here D p is not a spin c Dirac operator on Q°'*(X, LP <g> E), and D p is not a renormal- 
ized Bochner-Laplacian as in ( I0.4D . 

Let P p (x, x') (x, x' e X) be the smooth kernel of the orthogonal projection from 
c if° (X, LP ® E) on Ker Dp with respect to the Riemannian volume form dvx(x') for 
p large enough. Recall that we denote by det c the determinant function on the 
complex bundle T^X. We denote by |J| = (-J 2 ) then det c |J| = (27r)- n II i a i 
under the notation in ( I1.82D . Now we explain how to put it in the frame of our 
work. 



Theorem 3.9. The smooth kernel P p (x,x') has a full off-diagonal asymptotic ex- 
pansion analogous to ( 13.131 ) with j = detc |J| asp — ► 00. The corresponding term 
&o,i in the expansion ( I0.9D of B 0:P (x) := P p (x, x) is given by 

r x - 2A a ,(log(det c |J|)) + 4JtF(w u>j , w uj ) . 
here {w^j} is an orthonormal basis of (T^' >X, g^ x ). 

Proof. As pointed out in Il3ll Remark 3.1], by O Theorem 1], there exist /x , Cl > 
such that for any p e N and any s e fi >0 (X, L p <g> E) := g>1 tt°' q (X, D>®E), 

(3.31) \\D P s\\h > (2pfi -C L )\\s\\ 2 L2 . 

Moreover Spec/} 2 c {0} U [2pfi - C L , +00 [. 



(3.30) 



cietr J 
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Let S B denote the 1-form with values in antisymmetric elements of End(TX) 
which is such that if U, V, W G TX, 

(3.32) (S~ B (U)V, W) = -^((d - d)&) (U, V, W). 

The Bismut connection V B on TX is defined by 

(3.33) V- B = V TX + S- B . 

Then by [3, Prop. 2.5], V ~ B preserves the metric g TX and the complex structure 
of TX. Let V det be the holomorphic Hermitian connection on det(T( 1,0 )X) with its 
curvature R dct . Then these two connections induce naturally an unique connection 
on A(T*( 0,1 )X) which preserves its Z-grading, and with the connections V L , V s , we 
get a connection V ~ B}E " on A(T* (01) X) <g> L p <g> E. Let A~ B,Ep be the Laplacian on 
k(T*WX) ® L p ® E induced by V~ B ' Ep as in (fl~2b . For any v G TX with decom- 
position v = v lt0 + u 0j i G T^X © T^X, let v* 1>0 G T<°VX be the metric dual of 
v 1>0 . Then c(v) = \/2{v* 1>0 A -i VOjl ) defines the Clifford action of v on A^ - 1 ^), 
where A and i denote the exterior and interior product respectively. We define a 
map c : A(T*X) -> C(TX), the Clifford bundle of TX, by sending e h A • • • A to 
c^)---^) forii < ■•■ < ij. For 5 G A 3 (T*X), set \B\ 2 = Jflfe, e i> e *)| 2 - 

Then we can formulate |3, Theorem 2.3] as following, 

(3.34) D 2 p = /S.~ B,E p + r -^ + C (R E + P R L + ii? det ) + ^E±c(dd&) ~l\(d- d)&\ 2 . 

We use now the connection V~ B ' Ep instead of V Ep in (TH §2]. Then by A3.31D . 
( I3.34D . everything goes through perfectly well and as in Ifl8l Theorem 3.18], so 
we can directly apply the result in IfLSl to get the full off-diagonal asymptotic 
expansion of the Bergman kernel. As the above construction preserves the Z- 
grading on fl°''(X, L p <g> E), we can also directly work on L p <g> E). 

Now, we need to compute the corresponding 6 0>1 . Now h E ■= (detc| J|) -1 /i B defines 
a metric on E, let R E be the curvature associated to the holomorphic Hermitian 
connection of (E, h E ), then 

(3.35) R E = R E — 931og(det c |J|). 
Thus 

(3.36) \^\R E (e UJ j, Je^j) = 2R E (w ul} j,w aJtj ) = \f-LR E (eu tj , Je U)j ) - A w log(det c | J) . 
Let ( .) w be the Hermitian product on LP ® E) induced by g TX , h L , h E . Then 

(3.37) {<tf°°{X,LP®E),{ )J = (V°°(X,LP®E),( », dv XjU) = (det c | J|)efo x . 

Observe that H°(X, LP <g> E) does not depend on g TX , h L or h E '. If x'), (x, x' G 

X) denotes the smooth kernel of the orthogonal projection from ( < ^' 00 (X, L P ®E) } ( •, 
onto LL°(X, IP <S> E) with respect to dv x ,w(x), we have 



(3.38) 



P p (x,x') = (detclJKx'))^^^,^)- 
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Now for the kernel P a;p (x,x / ), we can apply Theorem 10.11 (or [18, Theorem 1.3]) 
since g^ x {-, •) = ou(-, J ) is a Kahler metric on TX, and ( I3.30D follows from ( I0.8D and 
(I3~36b . □ 

Remark 3.10. Certainly, the argument in this Subsection goes through the orbifold 
case as in IfTSl §4.2]. 

3.5. Generalizations to non-compact manifolds. Let (X, 6) be a Kahler man- 
ifold and (L, h L ) be a holomorphic Hermitian line bundle over X. As in Section l3~4l 
let R L ,R dct be the curvatures of the holomorphic Hermitian connections V L , V det 
on L, det(T( 1 '°)X), and let J L G End(TX) such that ^g±i? L (-,-) = @(J L -,-). The 
space of holomorphic sections of L p which are L 2 with respect to the norm given by 
01.1D is denoted by H? 2 JX, L p ). Let P p (x,x'), (x,x' G X) be the Schwartz kernel of 
the orthogonal projection P p from the L 2 section of L p onto #L (X, L p ) with respect 
to the Riemannian volume form dv x (x') associated to (X, 0). Then by the ellip- 
ticity of the Kodaira-Laplacian and Schwartz kernel theorem, we know P p (x, x') is 
Choose an orthonormal basis (Sf)i^i of if° 2) (X, L p ). For each local holomor- 
phic frame e L we have Sf = ff ef p for some local holomorphic functions ff . Then 
B p (x) := P p (x,x) = \Sf(x)\ 2 = E lS >i |/f(x)| 2 |ef| 2 is a smooth function. We have 
the following generalization of Theorem 10 .11 

Theorem 3.11. Assume that (X, 6) is a complete Kahler manifold. Suppose that 
there exist e > , C > such that one of the following assumptions holds true : 

(3.39) V^IR L > eQ , y/^lR det > -(76. 

(3.40) L = det(T* (1 ' 0) X), h L is induced by and V^lR dct < -eG. 

The kernel P p (x, x') has a full off-diagonal asymptotic expansion analogous to 03.131 ) 
with j = det c | J L \ as p — > oo, uniformly for any x, x' G K, a compact set of X. Es- 
pecially there exist coefficients b r G ^°°(X) , r G N, such that for any compact set 
K c X, any k, I G N, £/iere exists C^ K > swc/i £/ia£ /or pGN, 



(3.41) 



y r=0 



Moreover, b = (det J 1 ) 1 / 2 and fo a equals 6 ,i /rom ( I3.30D . 

Proof. By the argument in Section Tl.lL if the Kodaira-Laplacian D LP = |Aj, := 
|A p acting on sections of L p has a spectral gap as in ( I0.5D . then we can localize 
the problem, and we get directly ( I3.41D from Section fL3l Observe that D 2 \ n o,. = A p . 
In general, on a non-compact manifold, we define a self-adjoint extension of D 2 by 

Dom D 2 =[uE Dom & L fl Dom * : 9 w G Dom <9 L * , 9 * u G Dom^ } , 

-D 2 m = 2(9 LP 9 LP * + 9 LP * 9 LP ) u , for u G Dom D 2 . 

The quadratic form associated to D 2 is the form Q p given by 

j^p j^p ^ 

Dom Q„ := Dom d fl Dom d 

(3.42) 

Q p (u,v) =2(d u,d u) + 2(9 w,<9 t>) , ?i,?;GDom Q p . 
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In the previous formulas d is the weak maximal extension of d to L 2 forms 
and d is its Hilbert space adjoint. We denote by Q '*(X, L p ) the space of smooth 
compactly supported forms and by L 2 "(X, L p ) the corresponding L 2 -completion. 

Under one of the hypotheses ( I3.39D or ( I3.40D there exists /i > such that for p 
large enough 

(3.43) Q p (u) ^ fip\H 2 , u e DomQ p f]L 2 ' q (X,L p ) for q > 0. 

Indeed, the estimate holds for u e r2g 9 (X, L p ) since the Bochner-Kodaira formula 
d Prop. 3.71] reduces to Q p (u) ^ 2{(pR L + R Aet )(w h Wj)w j A i Wi u,u), for it e 
L p ), where {w;} is an orthonormal frame of T^X. But this implies d3~4"3l 
in general, since Qq*(X, L p ) is dense in DomQ p with respect to the graph norm, as 
the metric is complete. 

Next, consider / e Dom A p n L 2 °(X, W) and set u = d /.It follows from the 
definition of the Laplacian and ( I3.43D that 



(3.44) || A p f\\ 2 = 2< d LP * u , d LP * u) = Q p {u) > fip\\u\\ 2 = np{ A p f , /> . 
This clearly implies Spec(A p ) c {0} U [pfi, oo[ for large p. □ 

Theorem 13.111 permits an immediate generalization of Tian's convergence the- 
orem. Tian [43, Theorem 4.1] already proved a non-compact version for conver- 
gence in the ff 2 topology and convergence rate 1/y/p. Another easy consequence 
are holomorphic Morse inequalities for the space H9 2 JX, L p ). 

Observe that the quantity J2i>i \ fi( x )\ 2 i s n °t globally defined, but the current 



(3.45) Up= ^l ddhg ^\f!(x)\'- 



is well defined globally on X. Indeed, since R L = —ddlog |e L |^ L we have 



(3.46) -u p - = ^— dd log B p . 

p Z7T llip 

If dim H9 2 JX, L p ) < oo we have by J3.14D that lu p = &* p (lu fs ) where $ p is defined as 
in d3~14b with Jt p replaced by H° {2) (X, L p ) . 

Corollary 3.12. Assume one of the hypotheses ( 13.39ft or J3.40D holds. Then : 

(a) for any compact set K c X the restriction lo p \k is a smooth (1, 1)- form for 
sufficiently large p; moreover, for any I G N there exists a constant Cik such that 



p Up ~ -*r R 



< Ci ' k 



tf l (K) p 

(b) the Morse inequalities hold in bidegree (0, 0) : 



(3.47) lim inf p~ n dim H? 2) (X, L p ) > — / - R L . 

In particular, if dim H? 2 JX, L p ) < oo, the manifold (X, 0) has finite volume. 
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Proof. Due to ( I3.41D . B p doesn't vanish on any given compact set K for p sufficiently 
large. Thus, (a) is a consequence of ( I3.41D and J3.46D . 

Part (b) follows from Fatou's lemma, applied on X with the measure Q n /n\ to the 
sequence p~ n B p which converges pointwise to (det J L ) 1 / 2 = (^i_R L ) n /6" on X. □ 

Remark 3.13. Under the hypothesis ( I3.40D . the inequality ( I3.47D is Theorem 
1.1] of Nadel-Tsuji, where Demailly's holomorphic inequalities on compact sets 
K C X were used. The volume estimate is essential in their compactification theo- 
rem of complete Kahler manifolds with negative Ricci curvature (a generalization 
of the fact that arithmetic varieties can be complex-analytically compactified). 
The Morse inequalities ( I3.47D were also used by Napier-Ramachandran 113 711 to 
show that some quotients of the unit ball in C" (n > 2) having a strongly pseudo- 
convex end have finite topological type (for the compactification of such quotients 
see also (351). 

Remark 3.14. The statement of Theorem 13.111 still holds true for a non-Kahler 
complete metric 6 satisfying ( I3.39D and having bounded torsion T = [i(Q), dQ], i.e. 
|T| ^ C, where \T\ is the norm with respect to (that is, Theorem 13 . 91 has a non- 
compact version analogous to Theorem 13. IIP . As in the proof of Theorem 13. Ill the 
localization argument in Section [T7T1 goes through provided we can prove the exis- 
tence of the spectral gap of the Kodaira-Laplacian D LP . This follows by applying 
the generalized Bochner-Kodaira-Nakano formula of Demailly [19, Theorem 0.3] 
with torsion term as in [|5l Theorem 1]. 

Another generalization is a version of Theorem 10.11 for covering manifolds. Let 
X be a paracompact smooth manifold, such that there is a discrete group T acting 
freely on X with a compact quotient X — X/Y. Let n T : X — ► X be the projection. 
Assume that there exists a T-invariant pre-quantum line bundle L on X and a 
T-invariant connection V L such that ui = : ^(V i ) 2 is non-degenerate. We endow 
X with a T-invariant Riemannian metric g TX . Let J be an T-invariant almost 
complex structure on TX which is separately compatible with u and g TX . Then 
J, g TX , u, J, L, E are the pull-back of the corresponding objects in Section |0] by 
the projection ir r : X — > X. Let $ be a smooth Hermitian section of End(_E), and 
$ = $ o 7r r . Then the renormalized Bochner-Laplacian A p j is 

A p j = A^-p(ro, r ) + $ 
which is an essentially self-adjoint operator. It is shown in ||3~T1 Corollary 4.7] that 

(3.48) Spec A p$ c [-C L , G L \ U [2p/i - C L , +oo[ , 

where Cl is the same constant as in Section [0] and fi is introduced in J0.3D . Let H p 
be the eigenspace of A j with the eigenvalues in [— Cl, Cl]: 

(3.49) H p = Range E([-C L , C L ], A p $ ) , 
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where E( - ,A 5) is the spectral measure of A p 5. From ll3Tl Corollary 4.7], the von 
Neumann dimension of H p equals d p = dimH p . Finally, we define the generalized 
Bergman kernel P q>p of A p 5 as in Definition II .11 Unlike most of the objects on X, 

P q ^ p is not T-invariant. 

By ( I3.48D and the proof of Proposition 11.21 the analogue of dl.7D still holds on any 
compact set K c X. By the finite propagation speed as the end of Section flTTl we 
have: 

Theorem 3.15. We fix < e < inf xeX {injectivity radius ofx}. For any compact set 

K C X and k,l G M, there exists C k ^ jK > such that for x, x' G K, p G N, 



(3.50) 



P q ,p(x,x') - P qtP (lT r (x),1T r (x')) ^C k j tK P * \ if d(x , x') < E , 



Pq.p\X- X 



< C k ,i, K p k 1 , if d(x,x') ^ e . 



Especially, P q>p (x,x) has the same asymptotic expansion as B qtP (7Tr(x)) in Theorem 
\0.1\ on any compact set K c X. 



Remark 3.16. Theorem 13.151 works well for coverings of non-compact manifolds. 
Let (X, 6) be a complete Kahler manifold, (L, h L ) be a holomorphic line bundle on 
X and let 7r r : X — > X be a Galois covering of X = X/T. Let 6 and (L, h L ) be the 
inverse images of and (L, h L ) through 7r r . If (X, 6) and (L, satisfy one of the 
conditions (13.391 ) or (I3.40D . (X, 6) and (Z, have the same properties. We obtain 
therefore as in ( 13.471 ) (by integrating over a fundamental domain): 

(3.51) liminfp- n dim r i/L(X,Z p ) ^ i- / (^-R 1 

P »oo v ; n\ J x \ ZTT 

where dim r is the von Neumann dimension of the T-module H? 2 JX, L p ). Such type 
of inequalities imply as in [44| weak Lefschetz theorems a la Nori. 



3.6. Singular polarizations. Let X be a compact complex manifold. A singular 
Kahler metric on X is a closed, strictly positive (1, 1) -current u>. This means there 
exist locally strictly plurisubharmonic functions <p G L} oc such that v 7 — Tdd(p = u. 

If the cohomology class of u in H 2 (X, K) is integral, there exists a holomorphic 
line bundle (L, h L ), endowed with a singular Hermitian metric, such that ^^-R L = 
lo in the sense of currents. We call (L, h L ) a singular polarization of lo. If we change 
the metric h L , the curvature of the new metric will be in the same cohomology class 
as uj. In this case we speak of a polarization of [u] G H 2 (X,R). Our purpose is to 
define an appropriate notion of polarized section of L p , possibly by changing the 
metric of L, and study the associated Bergman kernel. 

First recall that a Hermitian metric h L is called singular if it is given in local 
trivialization by functions e with ip G L\ oc . The curvature current R L of h L is well 
defined and given locally by the currents d dip. 

By the approximation theorem of Demailly 11211 Theorem 1.1], we can assume 
that h L is smooth outside a proper analytic set E C X. Using this fundamental 
fact, we will introduce in the sequel the generalized Poincare metric on X \ E. Let 
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7r : X — > X be a resolution of singularities such that -n : X s 7r _1 (S) — > X \ E 
is biholomorphic and 7r _1 (E) is a divisor with only simple normal crossings. Let 
Qq X be an arbitrary smooth J-in variant metric on X and 0'(-, •) = g^ x (J-, ■) the 
corresponding (1, l)-from. The generalized Poincare metric on X \ S = X \ n _1 (S) 
is defined in EHl §3] by 

(3.52) e eo = 6' -eov^^ddlogt-loglKH 2 ) 2 , < e < 1 fixed, 

i 

where n _1 (S) = UjEj is the decomposition into irreducible components E, of 7r _1 (S) 
and each Ej is non-singular; cr, are sections of the associated holomorphic line 
bundle [Ej] which vanish to first order on Ej, and ||<7j||j is the norm for a smooth 
Hermitian metric on [Ej] such that ||<7j||j < 1. 

Lemma 3.17. (i) The generalized Poincare metric ( I3.52D is a complete Hermitian 
metric of finite volume. It has bounded torsion and Ricci curvature. 

(ii) If(E, h E ) is a holomorphic bundle over X with smooth Hermitian metric and 

H° {2) (X \ E,£) = {u e L° 2 '°{X \ E,£, Eo ,h E ) : if u = 0} then H° (2) (X \ T,,E) = 
H°(X,E). 

Proof. To describe the metric more precisely we denote by D the unit disc in C and 
by D* = D \ {0}. On the product (D*) 1 x 3 n ~ l we introduce the metric 

(3.53) ^ P = — — V — j— ^ + — V c^fc A cfe fc . 

2 ' \zu (log z*. r 2 

For any point p G tt~ 1 (E) there exists a coordinate neighbourhood f7 of p isomorphic 
to D n in which (X \ tt' -1 (E)) n 17 = {z = (zi, . . . , z n ) : z x ^ 0, . . . , z t ^ 0}. Such 
coordinates are called special. We endow (X \ 7r -1 (E)) n U = (D*) 1 x D n ~ l with the 
metric ( I3.53D . Now, a calculation in special coordinates as in Il48l Prop. 3.4] show 
that the metrics ( I3.52D and ( I3.53D are equivalent. From this the first assertion of 
(i) follows. 

We wish to show that there exist a constant C > such that 

(3.54) V^lR det > -CQ £0 , \T eo \ < C . 

where T eo = [0 eo ,<90 EO ] is the torsion operator of eo and |T eo | is its norm with 
respect to eo . Now <90 £o = <90' by J3.52D . so it extends smoothly over X, and thus 
we get the second relation of 03.54D . 

We turn now to the first condition of ( I3.54D . We have 

9 log ||cTj|| 2 A (9 log ||(Tj 



(3.55) 9 £0 = 0' + 2V^leo V ( . „ * + 

' Vloe \\aA\f 



k>E\Wi\\i (log || 0"i 



|2\2 



The terms / log ||cxi|| 2 tend to zero as we approach E so they can be absorbed in 
0' and do not contribute to the singularity of eo near E . To examine the last term 
let us localize to a point x G E . We choose special coordinates in a neighborhood 
U of x in which Ej has the equation Zj = for j = l,...,k and j > k, do not 
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meet U. Then for 1 < i < k, ||crj||? 
U and 



Mi|^| 2 for some positive smooth function u { on 



(3.56) 



d log \\aiWf A d log llcr. 



dzi A <izj + t>j 



( lo g|M| 2 ) 2 ki| 2 ( lo S ll°"i|l?) 2 

where i>$ is a smooth (1, l)-form on U. Without loss of generality we may assume 
that 0' is the Euclidean metric on U so that /ri is the Euclidean volume element. 
Then there exists a smooth function f3 such that 

1 + P(z) 



(3.57) 



£0 



1 



Hi |^| 2 (log||o"i 



I 2\ 2 



6' 



and consequently 



(3.58) 



-1R 



dct 



— v 7 — Idd log 7(2) 



-: 7(^)6" 



97(2;) A d r ){z) 
l{z) 2 



dd'y(z) 
70) 



A brute force calculation of — v 7 — lddj(z)/ r Y(z) and comparison to the singularities 
of £o given by ( I3.56D show that ^f—[R dct > — C0 £o for some positive constant C . 
This achieves the proof of J3.54D . 

Let us prove (ii). First observe that £o dominates the euclidian metric in spe- 
cial coordinates near 7r -1 (E), being equivalent with 03.53D . Therefore it dominates 
some positive multiple of any smooth Hermitian metric on X. We deduce that, 
given a smooth Hermitian metric 0" on X, there exists a constant c > such that 

It follows that elements of H^(X \ T,,E) are L 2 integrable 



£o ^ c0" onI\S. 



with respect to the smooth metrics 0" and h E over X, which entails they extend 
holomorphically to sections of H°(X,E) by 11201 Lemme6.9]. We have therefore 
H? 2 JX \ E, E) C H°(X, E). The reverse inclusion follows from the finiteness of the 
volume of X \ E in the Poincare metric. □ 

We can construct as in 11401 §4] a singular Hermitian line bundle (L, h L ) on X 
which is strictly positive and L\x^-k- 1 (e) — 7r *(^ po )j f° r some p G N. We introduce 
on L|xxE the metric {h L ) l l po whose curvature extends to a strictly positive (1, 1)- 
current on X. Set 



(3.59a) 



(3.59b) 



hi 



H(-log\Wi\\l)) e , 0<£«1 



H? 2) (X n E, L p ) = {ue L° 2 '°(X s S, L p 



© £0 , K. 



: a u 



<>}• 



The space H^(X s S,L P ) is the space of L 2 -holomorphic sections relative to the 

metrics £o onI\E and h% on L\ x ^t,- Since (h L ) 1 / po is bounded away from zero 
(having plurisubharmonic weights), the elements of this space are L 2 integrable 
with respect to the Poincare metric and a smooth metric h% of L over whole X. By 
Lemma l3~T7l (ii) we have # ( ° 2) (X \ E,L P ) c H°(X,L P ). (Here we cannot infer the 
other inclusion since h L might be infinity on E.) The space H? 2 JX \ E, L p ) is our 
space of polarized sections of L p . 
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Corollary 3.18. Let (X, uS) be a compact complex manifold with a singular Kdhler 
metric with integral cohomology class. Let (L, h L ) be a singular polarization of 
[u] with strictly positive curvature current having singular support along a proper 
analytic set E . Then the Bergman kernel of the space of polarized sections d3.59bD 
has the asymptotic expansion as in Theorem \3.11\ for X \ E. 

Proof. We will apply Remark 13.141 to the non-Kahler Hermitian manifold (X \ 
E, Q eo ) equipped with the Hermitian bundle (L\ x<s ,h^). Thus we have to show 
that there exist constants t] > 0, C > such that 

(3.60) y/ZiRWx^tf:) > V Q £0 , y/^lR** > -CQ eo , |T eo | < C . 

where T Eo = [i(Q £o ),dQ Eo ] is the torsion operator of £o and |T £o | is its norm with 
respect to eo . The first one results for all e small enough from ( 13.52D . ( !3.59aD and 
the fact that the curvature of {h L ) 1 / p ° extends to a strictly positive (1, l)-current 
on X (dominating a small positive multiple of 6' on X). The second and third 
relations were proved in ( I3.54D . This achieves the proof of Corollary 13. 181 □ 

Remark 3.19. (a) Corollary 13. 181 gives an alternative proof of the characterization 
of Moishezon manifolds given by Ji-Shiffman II28II . Bonavero [8] and Takayama 
|40]. Indeed, any Moishezon manifold possesses a strictly positive singular polar- 
ization (L, h L ). Conversely, suppose X has such a polarization. Then as in J3.47D . 
we have dim.H? 2 JX \ S,L P ) ^ Cp n for some C > and p large enough. Since 
H Q [2) (X \ E, L p ) c H°(X, LP), it follows that L is big and X is Moishezon. 

(b) By ll22t Proposition 6.6. (f)], or [45], any big line bundle L on a projective 
manifold carries a singular Hermitian metric having strictly positive curvature 
current with singularities along a proper analytic set. 

(c) The results of this section hold also for reduced compact complex spaces X 
possessing a holomorphic line bundle L with singular Hermitian metric h L having 
positive curvature current (see [40] for definitions). This is just a matter of desin- 
gularizing X. As space of polarized sections we obtain H^(X \ E, L p ) where E is 
an analytic set containing the singular set of X. 
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